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Abstract 


Borzooei, Mohseni Takallo, and Jun recently proposed a new type of set, called True-False Set [1], and they claimed 
it is a generalization of Neutrosophic Set [2]. We prove that this assertion is untrue. Actually it’s the opposite, the 
True-False Set is a particular case of the Refined Neutrosophic Set.. 


Keywords: Refined Neutrosophic Set, True-False Set, Neutrosophic Set, Indeterminacy. 
1. Definition of True-False Set [1] 
A True-False set (TF-set), on a none-empty set X, is a structure of the form: 
Arps = {x; ta(x), Tax), f(x), Fy (x) |x € X}; the index “TFS” stands for True-False Set; 
where t,: X > [0,1]; t, represents the single-valued truth function; 


T,:X > I((0,1]), where /([0, 1]) is the set of all subintervals of [0, 1]; T, represents the interval-valued truth 


function; 
fia: X > [0,1]; f, represents the single-valued falsehood function; 
F,:X — I({0,1]); F, represents the interval-valued falsehood function. 
It is not clear why two truth-functions and two falsehood-functions are needed for the same element x. There is no 
justification. 
2. Definition of neutrosophic set [2] 


We try to use similar notations and language in order to make easy comparison between the two types of sets. 
Let X be a non-empty universe of discourse. 


A Neutrosophic Set on X is a structure of the form: 


Ans = {x; Ta(x), In), Fa(x) |x € X}, 
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where T,,1,,F4:X ~ PQ70,1*[), where P(]~0,1*[) is the set of all standard or nonstandard subsets of the non- 


standard interval ]~ 0, 1*[. 
3. Distinctions between True-False Set and Neutrosophic Set 


1) Clearly P(]~0,1*[) 2 I({0, 1]). From this point of view, the neutrosophic set is larger than the True-False 
Set. 


P(]~ 0, 1*[P) includes not only strandard subintervals of [0,1] as /([0, 1]), but any standard subsets of [0, 1]. 


2) PQ 0,1*[) also includes non-standard subsets of ]~0,1*[, left and right monads, binads from non- 
standard analysis, that help make a distinction between absolute truth (truth in all possible worlds, according to 


Leibniz), whose truth-value is T,(x) = 1+, where 1* = 1+ € > 1 and €¢ is a positive infinitesimal number. 
A p 


Similarly for absolute / relative indeterminacy and respectively falsehood. 
The True-False Set cannot make distinctions between absolute and relative truth/falsehood. 


3) Neutrosophic Set is much more complex as structure than the True-False Set; Neutrosophic Set has been 
further extended Neutrosophic Overset (where the neutrosophic components could be > 1), Neutrosophic Underset 
(where the neutrosophic components could be < 0), and Neutrosophic Offset (where the neutrosophic components 
could be > 1 and <0) in 2007 & 2016 ([3], [4]). 


4. Transformation of a Single-Valued Neutrosophic Set to a True-False Set [1] 


The authors of [1] considered only the simplest form of the Neutrosophic Set, i.e. when the neutrosophic components 
T, I, F are single (crisp) numbers in [0, 1], while the general definition [2] of neutrosophic set stated since 1998 that 
T, I, F can be any subsets of [0, 1], or any nonstandard subsets of the non-standard unit interval ]~ 0, 1*[. 


They considered the single-valued neutrosophic set: 


Ans = {x}; Tys(x), Ins (x), Fs (x) |x € X}, 


where Tys, Ivs, Fys:X — [0,1] are single-valued truth, indeterminacy, and falsehood functions respectively. The 
index “NS” stands for Neutrosophic Set (we adjusted their Greek letter notations to Latin ones, in order to exactly 


match the common use notations of the neutrosophic set). 
They transformed it to a True-False Set in the following way: 
t(x) = Tys (x); 
f (x) = Frys (x); 


[Tvs (X), Ins (x)], if Ts (x) S Ins (x); 


Fens) = ps(e) Treo. lysCe) & Tho) 


[Frys (%), Ins (x)], if Frys (0) S Is (x); 


Fros(2) = Htrta) Fae) Ine) & Fas) 


And they formed the following True-False Set: 
Arps = {x; t(x),Trrs(X), F(X), Fres(x)|x € X} = ((x; Tys(X), Tres (x), Frys (%), Fres(x))|x € X}. 
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This True-False Set, Arrs, has two truth-functions and two-falsehood functions, but no indeterminacy (neutrality) 


function (they removed it). 


Transforming the neutrosophic set Ays into a true-false set Arps is just a mathematical artifact. It is not proven that 


Ans is equivalent to Ars. Actually, we’ll prove below that they are not. 
Other mathematical transformations can be designed as well, constructing new intervals, or combining the 
neutrosophic functions in other ways, etc. But the equivalence, if any, should be proven. 

5. Indeterminacy (Neutrality) 


The indeterminacy (neutrality) is the quintessence (the flavor) of neutrosophic set, that stringently distinguishes it 


from previous types of sets. 


By eliminating the indeterminacy (or neutrality) from the neutrosophic set Ay;, when constructing a true-false set 
Arrs, the true-false set Arp; becomes defficient, incapable of characterizing the neutrosophic triads of the form 
((A), (neutA), (antiA)), where (A) is an item (idea, proposition, attribute, concept, etc.), (antiA) is its opposite, and 


(neutA) is the neutral between these opposites. 


For example, in games we have such triads (where (A) = winning): <winning, tie game, loosing>. 


6. Numerical Counter-Example of Transforming a Single-Valued Neutrosophic set to a True-False Set 
Let’s take only one element from a single valued neutrosophic set (for the other elements it will be similar): 
Xys (0.3, 0.4, 0.2), hence Tys(x) = 0.3, Ins (x) = 0.4, Fys(x) = 0.2. 
Let’s transform it into a true-false set’s element according to [1]: 


Xrps (0.3, [0.3, 0.4], 0.2, [0.2, 0.4]), hence trrs(x) = 0.3, Trrs(x) _ [0.3, 0.4], fres() = 0.2, Frrs(x) = 
[0.2, 0.4]. 


The indeterminacy Iy;(x) = 0.4 into the neutrosophic set has been replaced into the true-false set by an interval-value 
truth Trpzs(x) = [0.3,0.4] and an interval-value falsehood Frrs(x) = [0.2,0.4]. But these are a totally different 


results. 
If, with respect to an element, the indeterminacy-membership is 0.4, this is not equivalent with element’s truth- 
membership be equal to [0.3, 0.4] and its false-membership be equal to [0.2, 0.4]. 

7. Other Counter-Examples 


Let xys5(0.3, 0.4, 0.2) represent, with respect to the player x in a game where he plays against others, that his degree 


of winning (Ty; = 0.3), his degree of tie game (Iys = 0.4), and his degree of loosing (Fys = 0.2). 


By transforming Xys5 to Xs (0.3, [0.3, 0.4], 0.2, [0.2, 0.4]), we get that with respect to the same player x, his degree 
of winning is 0.3 or [0.3, 0.4], and his degree of loosing is 0.2 or [0.2, 0.4]. 
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7.1. Therefore, the true-false set does not provide any degree of “tie game”, so this type of set is incomplete. The 
true-false set does not catch the middle side (neutrality, or indeterminacy) in between opposites. 

7.2. Another drawback is that TFS increases the imprecision of the truth function: for Tys = 0.3, it gets Trrs 
= 0.3 or [0.3, 0.4], so the truth value becomes vaguer after the TFS transformation. 


TFS increases the imprecision of the falsehood function as well: for FNS = 0.2, it gets FTFS = 0.2 or [0.2, 0.4], so the 
falsehood value becomes vaguer after the TFS transformation. 


8. The True-False Set is a particular case of the Refined Neutrosophic Set 


In the Refined Neutrosophic Set (Logic, Probability), T can be split into subcomponents T), To, ..., Tp, and I into I, 
Ip, ..., I, and F into F, Fo, ...,Fs, where p, r,s € {0, 1, 2,...,0c} and p+r+s=ne {0, 1,2, ..., 0}. By index = 0, of 
a neutrosophic component T, I, or F, or any of their subcomponents, we denote the empty set, i.e. To= ,lo= ©, Fo 


= @. The case (To, Io, Fo) is the most degenerated one. See [4]. 


From (T, I, F), where T, I, F are any subsets of [0, 1], we replace Ip = (empty set), and refine/split T into T, (single- 
valued truth component) and T> (as an interval-valued truth component), while F is similarly refined/split into F; (as 
a single-valued falsehood component) and F> (as an interval-valued falsehood component). Therefore, we replaced p 
= 2,r=0, and s = 2 into the general form of the Refined Neutrosophic Set, and we found the True-False Set (Ti, T2, 
Ip = @, Fi, F2). 


9. Conclusion 


We proved that the transformation of the Neutrosophic Set into a True-False Set does not give equivalent results by 
using several coounter-examples. Also, we proved that the True-False Set is a particular case of Refined Neutrosophic 
Set. 
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Abstract 


The set which describes the uncertainty incident with three levels of attributes is entitled as a neutrosophic set. The 
unique collection of open sets which contains all types of open sets is termed as fine-open sets. The current study 
introduces a topology on merging these two sets, called neutro-fine topological space. Additionally, the approach of 
separation axioms is implemented in such space. Furthermore, the real-life application is examined as a decision- 
making problem in this space. The problem is to make an unfavorable query into a favorable one by determining the 
complement and absolute complement of such issued neutro-fine open sets. This problem desires to find a positive 
solution. The solving stepwise mechanism reveals in the algorithm, also formulae provide to compute the outcome 
with explanatory examples. 


Keywords: Subset of neutrosophic sets, neutro-fine sets (NFSs), neutro-fine topological space (NFTS), neutro-fine 
open sets (NFOSs), neutro-fine interior and closure, neutro-fine T;_ 9, -spaces, absolute complement, decision 


making (DM). 


1. Introduction 


The fuzzy set (FS) is an advanced version of the classical set. FS was introduced in (1965) by Zadeh [32], whose 
elements describe vague features as true and false membership functions. The FS theory applied in the boundless area 
of a domain, while in (1986) this theory was extended as an intuitionistic fuzzy set (IFS) theory by Atanassov [6]. 
Later, in 1998 Smarandache [26] explored a neutrosophic set (NS) that contains one more membership function called 
indeterminacy degrees. Also, he widespreaded the NS on IFS [27] and newly projected his work on features valued 
set, called plithogenic set (PS) [28]. Nowadays, these sets made an outstanding impact on many applications [1, 2, 11, 
18, 29] and plays vital role in COVID-19 [25], decision making (DM) problems [3, 4, 5] and multi-criteria DM 
(MCDM) problems [10, 21]. 

Topology is a study of flexible objects under frequent damages without splitting. In recent times, topological 
space (TS) is performing a lead character in the enormous branch of applied sciences and numerous categories of 
mathematics. The topological structure developed on NS as a generalization of IFTS which was originated in (2012) 
by Salama & Alblowi [23, 24], named as neutrosophic topological space (NTS). Few typical sets, open sets, and other 
TS explored [8, 9, 14, 15, 20, 30], and extended to separation axioms [7, 31] on such TS. 
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The most general class of sets which contains few open sets termed as fine-open sets (FOSs), in (2012) by Powar 
& Rajak [16], and investigated the special case of generalized TS, called fine- topological space (FTS). Many 
researchers studied this concept on some sets like FS [13, 22] and others [12, 19, 17]. 

This paper desires to initiate the new form of TS to put together NS and FS, through defining the concept of the 
subset of NSs on these TS. The notion of the interior and closure are launched and certain theorems are stated with 
proof, also disproved in counter examples. The idea of separation axioms is also executed in NFTS. Moreover, the 
DM problem describes the negative state of the problem into a positive solution by determining the absolute 
complement of each NFOS. The procedure of this problem-solving method is listed in the algorithm and a unique 
decision is computed with the specified formula. 

The layout of this study are arranged as follows. In Section 2, essential definitions of NS and FOS are recollected. 
In Section 3, the subset of NS, NFS, NFTS, interior, and closure of NFTS are defined and investigated its properties 
with illustrative examples. In Section 4, the correlation of neutro-fine 7;_ 4) -spaces are explored via perfect 


examples. In Section 5, the real-life application is intimated to take a correct decision on DM problems and an example 
is investigated in two different manners. At the end of Section 6, the conclusions are conveyed with future works. 


2. Fundamental concepts 


In this section, some essential definitions associated with this work are pointed. 


Definition 2.1 [27] Let W be a non-empty set and we W. ANS R in W is characterized by a truth-membership 
function 7, , an indeterminacy-membership function J, , and a false-membership function Fp which are subsets of 
]0,1°[ and is defined as 
R= \(w,Tq(W), Lg), Fa(w)) we}, 
where 
0 <sup7p(w) +supl p(w) +sup p(w) $3. 


Definition 2.2 [31] Let NS(W) be the family of all NSs over the universe W and weW . Then NS is said to be a 
neutrosophic point (NP), for 0<a@,f,yv <1 and is defined as follows: 
we F(y) = (a,8,7), if Wis : 
(0,0,1), if wev 
Every NS is the union of its NPs. 


Example 2.3 [31] Let W = {w,,w»,w,}. Then NS 
R = {(w,,.2,.4,.7), (Wp, .6,.3,-1), (w3,-4,.5,-6)} 


is the union of NPs wer?) ; w,'o3)) and parr, 


Definition 2.4 [23] Let NS(W) denote the family of all NSs over Wand 7,, < NS(W) . Then r,, is called a neutrosophic 
topology (NT) on Wif it satisfies the following conditions 

(i)0,,,1, 7, where null NS 0, = {(w,0,0,1)): we W} and an absolute NS 1, = {(w,1,1,0)): weW}. 

(ii) the intersection of any finite number of members of 7, belongs to r,,. 

(iii) the union of any collection of members of 7, belongs to r,,. 
Then the pair (W, z,,) is called a NTS. 
Every member of z,, is called 7, -open neutrosophic set (z,,- ONS). An NS is called z,, -closed (z,,- CNS) if and only 
if its complement is 7,,- ONS. 
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Definition 2.5 [23] Let R be a NS over W. Then the complement of R is denoted by R’ and defined by 
R= {(w, Fp Qw),I —Ip(w),Ta(w)): we w} ; 


Clearly, (r’) =R. 


Example 2.6 [23] Let W={w,,w,,w3} and r, ={0,,1,,8,S,7,U} where R, S, T, and U are NSs over W and are 


defined as follows 
= {(w,-2,.4,.7), (2,.6,.3,-1), (105,.4,.5,.6)}, 
= {(w,,.9,.3,.6), (w2,.6,.5,.4), (W3,.7,.8,.1)}, 
= {(11,.9,.4,.6), (2,.6,.5,-1), (w3,.7,.8,.1)} and 
U = {(m,.2,.3,.7), (w9,.6,.3,.4), (5,.4,.5,.6)}. 
Here RUS=T, RUT=T, RUU=R, SUT=T, SUU=S, TUU=Tand RMS=U, RNT=R, 
RUSE. SNF SSosNU su. TAUSe. 
Then R, S, T and Uare rz, -ONSs over W. 
Thus (W,z,,) isa NTS over W. 
The complement of 7, - ONSs are 
R’ = {(m,.7,.6,.2), (wp,-1,-7,-6),(W3,.6,.5,.4)}, 
S’ = {(,.6,.7,.9), (2, .4,.5,.6), (W3,1,.2,.7)}, 
T' = {(w,,.6,.6,.9), (w,,.1,.5,.6), (w3,-1,.2,.7)} and 
U'= Kons 41,2), (0054, 1,6), lor, 65,4 Me 
Then R’, S', T’ and U' are z,- CNSs over W. 


Definition 2.7 [16] Let (W,z ) be a topological space and define 
6(R;)=65; = {K; (# W) 1K, CW,R,(\K; #9, for R,; «rand R, + g,W, for somei € J, where Lis the index set}. 


Now, define rt, = (0 W, us| 


This collection z, of subsets of W is called the fine collection of subsets of W and (W,z ,z , ) is said to be the fine 


space W generated by the topology r on W. 


Definition 2.8 [16] A subset U of a fine space W is said to be fine-open sets of W if U belongs to the collection z , 


and the complement of every fine-open set of Wis called the fine-closed sets of W and denote the collection by F;. 


Example 2.9 [16] Let W = {w,w2,w3} with topology t= {d, W, {w,}}. 
Clearly, (W, c ) is a topological space over W. 
Then (W,r ,z, ) is a fine-topological space over W, 
where the members in 
Tr = {0,W,{w,}, {wo}. {w1,W3}} 
are fine-open sets, and in 
Fy ={h.W{wy,w3}, {wy}, 9} 
are fine-closed sets. 


Example 2.10 [16] Let W = {w,,w>,w,} with topology 7 = {¢,W,{w,},{m,,w3}}- 
Clearly, (W, r ) is a topological space over W. 
Then the collection of fine-open sets is 
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Tr = {0.W Aw}, {wo}. wp, wah, ws} fz, wo} 
and the collection of fine-closed sets is 
Fp = 10, {ww}, {W3}, 02}. Wo} Od} 
Thus (W,7 , 7, ) 1s a fine-topological space over W. 
Here {w,,w2},{w3,w2} er, but {ww} M{w3,wo} = {wo} ET, . 
Also, {w,},{w3}e Fy but {wi} U {w3} = (m,w3} € Fy. 
Hence (W, rc, ) and (W, F;, ) are not topological space over W. 


3. Neutro-Fine Topology 


In this section, the conception of NFTS is defined and probable results are carried by some major expressive 
examples. 


Definition 3.1 Let W bea set of universe and w, «€W where i ¢ / . Let R bea NS over W. Then the subset of NS (sub- 
NS) Ris denoted as ¢p(W") and defined as 

Sn) = Ky; Teo )oL 2(om7), Fe v1), max(T—v,).Te (ov, max({_(0,).1 (7; )).min(Fe(;),Feov,)))} 
where i, jeI and i#/. 
Clearly, (w;,;) =(w;,;) - 


Example 3.2 Let W = {m, W, w;} bea set of features of the refrigerator, where w, = energy efficiency, w= capacity, 
w3=price. Let R be a NS over W, defined as 
R = {(m,.7,-5,-4), (W,-2,.75.9),(W35-4,.1,.3)}. 
Then the sub-NS R is 
Cp(W") = (w,,.7, 15,4), (Wp,-2,-75.9), (W3o-4,-1.3), (14,95-7,-7.4), (Wi, 35-T,-5,-3)s(W9,35-4,-7, 3) 


Definition 3.3 Let W be a set of universe and w,;¢W where ie J. Let R be a NS over W. Then the subset of NS R 
with respect to w; (sub-NS R,, ) and w;,w, (sub-NS Be aus ) are denoted as ¢p(w;) and ¢p(w;,w,), and defined as 


200m) = KwisTe (oe Ln On). Fier, ))o(, jaar (Tie, Tr Ow max (Le (w))oZ eC") min(Fe(,), FrOv,))) 
(Te (0, £1 (0p) Fe On). (Wi, Te On) (0,)>Fx(0,))} 
where ie/, jel—{it, k,lel—{i,j} and kl] 
and 
Sewn) = {04j Te ovsdad nO )aF a (ovi))s(W js Te (Ww eZn (Fn ))o We Ten )ol 2 On )sFe(On)) 
(w,, -max(Tp (w;),TR (w,))max(F, (w;),Lp (w,))min(F (Ww), Fr (w;))), 
(w;,gmax(Tp (0v;),Tp(w,))max(g(w;),Lp (ry )),min (Fe (;), Fe (0% ))) 


(w;, _omax(Ta(w,),Te(wy)max(Z_(w Ln) min(F_(v,).Fp(ove))} 
where i, j,k J and i# /#k, respectively. 


Definition 3.4 Let W be a set of universe and we W . Let R be a NS over W and V be any proper non- empty subset 
of W. Then ¢p(V) is said to be neutro-fine set (NFS) over W. 


Example 3.5 Consider Example 3.2. 
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Then NFS ¢p(w;) is defined as 


Cp (W) = {0¥554,-1,3), (1, 35-75-553)s (Wo 354,73). 
That is, 

Cp (V3) = (1.0, 0,1), (W,,0, 0,1), (¥5.-4,-1,.3), (1H, 2,0,0,1), (1, 35-7,-5,-3)5 (9, 35-4,-7, 3) 
and NFS ¢p(,W2) is defined as 


Cp(W,W>)= m.-7, 5,4),(W3,.2,-7,.9),(1.95-7-7, A), (06435.7,-5,3)s(¥02 554.73) 
That is, 
calswy) = {(wie-75-5s-4),(003,-2,-7,.9)s( 5,0, 0,1),(141,25-7,-7,.4),(Wi,3>-7-5,-3), (003,3,4,7,3)}. 


Definition 3.6 Let V be any proper non- empty subset of W. Then the null NFS is denoted as 0, and defined as 
Op =U. TeV) =0,[gV) = 0, FeV) =1): VV}. 


Definition 3.7 Let V be any proper non- empty subset of W. Then the absolute NFS is denoted as 1, and defined as 
Lip =UV.TRV) = LIgV) =, Fa(V) = 0): VV}. 


Definition 3.8 Let ¢p(V,) and ¢p(V,) be two NFSs over W. Then their union is denoted as 
SrRV) UCR) =Sp(Vi¥2) and is defined as 
SeViy2) = (Viva, max (TeV). Te(V2))max (Ig (V), Le V2)), min (Fe Vi) Fe(V2))) VV CW # 9}. 


Definition 3.9 Let ¢p(V,) and ¢p(V,) be two NFSs over W. Then their intersection is denoted as 
SRV) SRV2) =SRVMin2) and is defined as 
SrVing = (Vinosmin (Tp (V;), Tp (V)),min (a), Lp (V2) max (FeV), Fp(V2))): VV CW # op}. 


Definition 3.10 Let ¢,(V) be a NFS over W. Then its complement is denoted as ¢p(V)' and is defined as 
caVY ={V.TRV).1-IeV),FrV)) VV WY # gh. 


Clearly, (¢g(V)') =¢x(V). 


Definition 3.11 Let ¢p(V,) and ¢p(V,) be two NFSs over W. Then ¢p(V;) is said to be a neutro-fine subset of ¢p(V>) 
if 

TeV;)S Tp Vo)» Tey) STeUa)» FeV) 2 Fe(Va), WV CW. #9. 
It is denoted by ¢p(Vj) Cop(V>)- 
Also ¢p(V;) is said to be neutro-fine equal to ¢p(V,) if ¢p(V;) is a neutro-fine subset of ¢p(V,)and ¢p(V,) isa 
neutro-fine subset of ¢p(V,). Itis denoted by ¢p(Vj)=Sp(Vp). 


Proposition 3.12 Let ¢p(V,),¢p(V>) and ¢p(V3) be NFSs over W. Then, 
() SrViU0y =oe(V)- 
(ii) CRY) Ul y =Ly- 
(iit) op VU loro UorMsl= lor) U sr lUse)- 
(iv) se@MUler MI Noe Ml=lorVUseMdINeor“)Use%)I- 
Proof. Straightforward. 
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Proposition 3.13 Let ¢p(V;),¢p(V2) and ¢p(V3) be NFSs over W. Then, 
Q) SRV) ¢ = Oy « 
(ii) op) Ahir = Rr). 
Gil) CRM) NeorVa)NoeVs]=lorMIN 6x2) oa): 
(iv) Se) ceMIU aM = ler Now MIUlerMNoe%)I. 
Proof. Straightforward. 


Proposition 3.14 Let ¢p(V,) and ¢p(V_) be two NFSs over W. Then, 
( Len) Uce(a)] =cai) Nowy 


Gi) [ox V) Noa Wry] = Se) User) - 
Proof. Straightforward. 


Proposition 3.15 Let ¢p(V;), Sr(V>) and ¢s(V,) be NFSs over W. Then, 
(i) ROS oR) cos). 
(ii) Cp} V)USRV2) =SRM UN). 
(iii) CRVIN SRV) SSR) and or3ViIIN SRV) SSR): 
(iv) CRVIUSRV2) DERM) and orkVIUSRV) DSRM)- 
(Vv) SRV IS SRV) > SRY) SSR)’. 
Proof. Straightforward. 


Definition 3.16 Let NFS(W) be the family of all NFSs over W. Then the fine collection of ¢p(V) is denoted as Soy 
and defined over the NT (VW, T,,) as 
Neg = OyrslapsUseV}- 
Thus the triplet v, (ae J cw) is said to be a neutro-fine topological space (NFTS) over (VW, T,, ). 
The elements belong to / Cw are said to be neutro-fine open sets (NFOSs) over (W, 7,,) and the complement of NFOSs 


are said to be neutro-fine closed sets (NFCSs) over (W, 7,,) and denote the collection by a Sw: 
Remark 3.17 If v, (ae a is a NFTS over (WV, T,,), then v, Sey) and (v, "Cy )are not NTSs over W. 


Definition 3.18 Let NFS(W) be the family of all NFSs over W. Then ‘cy is said be neutro-fine indiscrete topology 
if f Sw = Wdg) Thus wv, 3 ly) is said to be a neutro-fine indiscrete topological space over (VW, T,, ). 


Definition 3.19 Let NFS(W) be the family of all NFSs over W. Then ‘¢,, is said be neutro-fine discrete topology if 
f Sw = NFS(W). Thus (wv, Gis f or) is said to be a neutro-fine discrete topological space over (W, T,, ). 


Example 3.20 Let W ={w,,w,,w,} and z, ={0,,1,,,S} where R and S are NSs over W and are defined as follows 
R = {(w,,-1,.2,.8), (00.,.4,.7,.3), (W3,.6,.5,.2) 

And 
S = {(,.6,.5,.3), (W9,.9,-8,-1), (3,.7,.6,.1)} 


Thus (W, T,,) is a NTS over W. 
Then Lee = {0,.1,,52(M).SR(W2,W3),55(W)}, 
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where 
Cr(W) = oye .2,.8), (W3,0,0,1), (13,0, 0,1), (111,25-4,-7,-3) (1H 35-6,-5,.2),(W,3,0, 0, i), 


Cp(W>,W3) = (m0. 0,1), (W2)5-4y-7,-3),(W5.6,-5,.2)s(Wi,35-4,-T,-3}5(, 39-65-52), (W,35-6,-7, 2) 


6 5(W,) = (1, 0,0,1), (wp,.9,-8,.1), (v7, 0,031), (W4,25-9,-8,.1), (4, 3,00, 1),(v0y 5..9,.8.1)} 
are NFOSs over (W, T,,). 


Also, Ps = 0, slisSr (mw), SR (w, W3 x Ss (w,)'} ’ 
where 


calm)’ = {,-8,-8,.1),(1),1,1,0), (5,1, 0),(¥1,24-3,-3,-4), (Wi, 35-2,-5,-6),(Ws,35 1,0)}, 
Cp(W>,W3)! = {el 1,0), (w,-3,-3,.4),(W3,.2,.5,.6), (Wi, 25-3,-3,.4), (1, 35.2, 5,.6),(W 35.25.36) 


Cs (Wy)! = (wl 1,0), (W,-1,-2,.9), (5,1, 1,0), (1H1,25-1-2,-9), (351,10), (02.35.12, 9)j 
are NFCSs over (W, T,, ). 
Thus v, Ts | is a NFTS over (VW, T,, ). 
Since op(W)UsSs(wy) € Sow and Sr(w) Nos) € oy, Sow does not satisfy the conditions of a NT. 
Also, since ¢p(w,)' Uss(w3)' € “Sw and p(w)’ Nos(y)' ¢ “Sy, “Sy does not satisfy the conditions of a NT. 
Hence v, f sw) and (v, 3 Sy Jare not NTSs over W. 


Definition 3.21 Let v, es f cw) be a NFTS over (W, T,,). Let ¢p(V) be a NFS over W. Then the neutro-fine interior 
of ¢p(V) is denoted as Int,,(¢p(V)) and is defined as the union of all NFOSs contained in ¢p(V). 
Clearly, Int, (6 R (V)) is the largest NFOS contained in ¢p(V). 


Definition 3.22 Let (v, a f cw) be a NFTS over (VW, 7,,). Let ¢p(V) be a NFS over W. Then the neutro-fine closure 
of ¢p(V) is denoted as Cl,(¢p(V)) and is defined as the intersection of all NFCSs containing ¢,(V). 
Clearly, Cl,,¢ (¢g(V)) is the smallest NFCS containing ¢,(V). 


Example 3.23 Consider Example 3.20. 
Let us consider the NS R. 
Then the NFS ¢p(w,, 3) is defined as 


p(W,,W3) = (wo, 2,-8)5 (wy, £0,051), (1735.6,-5,.2),(W,34-4,.7,.3)s(W),35-6,-5s-2), (Wy 35-6,-7, 2). 
Clearly, 

Sr(MW3) D0,.5R() - 
Thus 

Int ng (S p(s 3) = 0, USr(m)=Sr™)- 
The NFS ¢p(w2) is defined as 


Cp(W>) = m0, 0,1), (9¥5-4,.7,-3),(05,-0,0,1), (Wi,25-4,-7.-3}, (14, 35-0, 0,1), (109,35 6,.1,.2)}. 
Clearly, 

SRW.) C1 SRM)’ - 
Thus 

Chi (Sx(2))=1, VeRO) = ox Qn)’ - 
Now consider the NS S. 
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Then the NFS ¢,(,w;) is defined as 


C5 (15, W3) = (0, 0,1), (W,,.9,.8,.1),(w3,.7,-6,.5), (1,259 851) (0 55.Ts-6,-1) (003 5-9,-8,-1)} 
Clearly, 

Ss5(W2,W3)20,.55(W2) - 
Thus 

Int (Ss (Ws W3)) = 0, Uss(W2) = $5 (Ww) - 
The NFS ¢,(,) is defined as 

os(m) = {(,-6,.5,.3) (W2,0,0,1), (173,0,0,1), (w,25.9s-8yo1), (104, 35.7s-65.1}, (9, 340,0, 1) 
Clearly, 

Ss) C1 Ss(Mr)' - 
Thus 

Clay (Ss(m))= 1, 1¢s5(2)'=Ss(W9)' 


Proposition 3.24 Let (v, Gi f ow) be a NFTS. Let ¢p(V,) and ¢p(V,) be two NFSs over W. Then, 
(i) Int, (O,p )=O¢ aNd Tntyy (Iyp )= Lay - 
(ii) ¢p())is NFOS = Intye(Sa(Vi))=Se2M)- 
(iii) Intup(SeM)) CSR): 
(iv) @Vi) Sop (V2) = Inte (SR) S Int (Cx (V2))- 
(v) Intyy (Inty(SeV)))= Int (62): 
(vi) Intar (Sei NSeV2)) = Intyy (Sx) Unt (Sx V2))- 
(vii) Inty (Sg(Vi) US RV 2)) S Itty (SR ))U Itty (CaM) - 
(viii) Tntye(SaV))=[Clyp (CaM) 
Proof. Straightforward. 


Proposition 3.25 Let (v, 724 ley) be a NFTS. Let ¢p(V,) and ¢p(V,) be two NFSs over W. Then, 
@ Ch Oy) =0jp and Chl) 1a. 
(ii) ¢2(Y))is NFCS > Cly-(oa(%))=S2M) - 
(iil) Cli (Sr (V,)) Dor) - 
(iv) 629%) © SRV2) => Cay (62M) S Clay (62M). 
(Y) Clay (Clap (Sa) = Clap (6a) 
(vi) Chay (6aRV)USRO2)) = Clap (Sa NU Chay (62%). 
(vii) Chip (6r9O) Noe V2))S Clip CRON Clr (Ga W2))- 
(viii) ype VY’) = Lint ye (CaM) 


Proof. Straightforward. 


4. Separation Axioms 


In this section, separation axioms on NFTS are defined with examples. 


Definition 4.1 Let NF(W) be the family of all NFs over the universe Wand weW . Then NFS w\™:2) is said to be 
a neutro-fine point (NFP), for 0< a, 8,y <1 and is defined as follows: 
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w@F(y) = (a, 8,7), if Mr, 
(0, 0, 1), if WHY 
Every NFS is the union of its NFPs. 


Definition 4.2 Let v, Ens f cw) be a NFTS over (W,z,,). Let ¢p(V) be a NFS over W. Then wr7 FZ) belongs to the 


NFS ¢p(V) is denoted as wre Ft) €Cp(V) and is defined as @<Tp(V), B<IpV), and y= FR(V). 


Example 4.3 Let W = {w,,w,,w,}. Let R be a NS over W, defined as 
R = {(m,.7,-5,-4), (W5-2,.7,.9),(W35-4,.1,.3)}. 
Then the NFS ¢p(w,3) is defined as 
Sr(M,3) = pg) 


= {w,,0,0, 1), (3»,0,0,1), (5,0,0,1),(w;,2,0,0,1), (1, 3.-7,-5,-3), (ip, 3,0,0, ny 
Thus the NFS ¢,(,,3) is a NFP. 


Definition 4.4 Let v, tis Sy) be a NFTS over (W, T,,). Let¢p(V) be a NFS over W. Then ¢p(V) is said to be a 
neutro-fine neighborhood of the NFP who 2) €Cp(V), if there exists a NFOS ¢p(U) 
such that w\"4-) ¢ SRU) CSR). 


Definition 4.5 Let (W.1,, ley) be a NFTS over (W,T,,). Let uk@F*) and y\~*-%) be two NFPs over W. Then 


uF) and y\~-) are said to be distinct points if y (ohn) nine2) =Onr 


Definition 4.6 Let (v, Tn | be a NFTS over (W, T,,). Let uP) and y\OF-2) be any distinct NFPs. If there 
exists NFOSs ¢p(V,;) and ¢p(V,) such that 


uP) ec (V;) and bP) 1122 (Vy) = Onp or 
VID ea(Vp) and VPA NC RH) =Opy . 


Then v, Ti, f Sw) is said to be a neutro-fine 7p -space. 


Definition 4.7 Let wv, Ta 6) be a NFTS over (W, T,,). Let uP) and y\OF-2) be any distinct NFPs. If there 
exists NFOSs ¢p(V,) and ¢p(V,) such that 


ul2) eca(V) and uF) Ce(Vy)=0,¢ and 


KP ec) and VP NCR) =Oyp . 


Then v, ae cw) is said to be a neutro-fine 7, -space. 


Theorem 4.8 Every neutro-fine 7, -space is neutro-fine Tp -space. 


The proof follows from Definitions 4.6 and 4.7. 
Remark 4.9 The converse of the above theorem is not true as shown in the following example. 


Example 4.10 Let W ={w,,w,,w,} and zc, ={0,,,1,,R,S} where R and S are NSs over W and are defined as follows 


n?-n? 
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R = {(,,.5,.3,.2), (,,.9, 6-1), (W3,.6,.5,-4)} 


And 
S = {(w,,.3,.1,.5), (09,.7,.3,.4), (W5,.2,.3,.8)}. 


Thus (W, 7,,) is a NTS over W. 
Consider es wares and ws?) are NFPs. 
Then /¢y = {0,,.1,,59(W2)>55 (2, W3),59(W5)}, Where 
Say) = py) | 
~ {(w,.0, 0,1), (W5.9,.6,.1), (W3,0,0,1), (101,3,0,0,1), (1, 3,0,0,1), (1 5.0.0.1)} : 
G2 3) = po!" Uw 2-4) 
= {1»,,0,0,1),(09,.9,.6,-1),(w,,0,0, 1), (11,250, 0, 1),(1m 3,0,041).(2 35.2,-3,.4)} 


S5(W3) = (2-34) | 
= {(w,.0, 0,1),(w,,.0,0,1),(w3,.2,.3,.8),(w,,2,0,0,1),(,,3,0,0,1),(W,3,0, 0,1)} 
Thus (v, Tins f cw) is a NFTS over (VW, 7,,) and also a neutro-fine 7) -space. 


Here 


.9,.6,.1) ECp(W>) ; wb?!) Nos(w,3) #0, and 


w,! 
wal €6,(W 3), wire”) Nopy) #04. 


(.9,.6,.1) 2,.3,.4) 


Thus (v, Tas? cw) is not a neutro-fine 7; -space because for NFPs w, and Wy,3 , 


Hence v, Tips f cw) is a neutro-fine 7 -space but not a neutro-fine 7, -space. 


Definition 4.11 Let (v, T Sey) be a NFTS over (W,T,,). Let ub@2) and y\%F2) be any distinct NFPs. If there 
exists NFOSs ¢p(V,) and ¢p(V,) such that 


uP) on), VF cen(Va) and se(Vi)Mon(V2) = Oy 


Then v, oe f cw) is said to be a neutro-fine 7, -space. 


Theorem 4.12 Every neutro-fine T, -space is neutro-fine 7, -space. 


The proof follows from Definitions 4.7 and 4.11. 


Example 4.13 Consider Example 4.10. 
Consider w 04) ; Hee, W, Ae and W,, fea) are NFPs. 
Then / Sw = 10,51n>SR(W3), SRW, W2),S5(W2,W3), Ss(mws)}, where 
SR(W3) = p54) | 
= {(w,.0, 0,1), (w,,0,0, 1), (W3,-6,.5,-4), (144,250,0, 1), (141,350,051), (12, 3,0, 0.1)} ; 
Sr(M,2) = pm," f 
= (m.0, 0,1), (1,0,0,1), (15,0,0,1),(w,,25-9,-64-1),(1,3,0,0, 1),(v¥2,3,0,0,1)} ; 
s(W,3) = bo ae f 
= {,0, 0,1), (1»,0,0,1),(05,0,0,1),(17,,2,0,0,1),(11,3,0,0, 1),(W235-2,-3.4)} ; 
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Ss(W1,3) = p05) 
= {,,0,041), (w,0,0,1), (w3,0,0,1), (015 2,0,0,1)s(06y 3-3,-3,-5), (1 3,0,0,1)} 
Thus v, ae Sey) is a NFTS over (VW, T,,). 


Hence v, T,s7 cw) is a neutro-fine 7, -space and neutro-fine 7, -space as well as neutro-fine 7) -space. 


Theorem 4.14 Let (v, Fis f or) be a NFTS over (W,z,,). Then v, Ei f cw) is a neutro-fine 7, -space if and only if 
each NFP is a NFCS. 
Proof. Let (v, Lis f ow) be a neutro-fine 7, -space and u\PP2) be any NFP. 


To prove: (,(2-#.2)) is a NFCS. 

Let yeF-z) elul2)), 

Then u\**-#) and v4) are distinct NFPs. 

Thus u\%4) rviah2) =0,¢. 

Since v, Ti, f cw) is a neutro-fine 7, -space, there exists a NFOS ¢p(V) such that 
VOD cay) and VFO NCH) =Oyy . 


Then ez) ESRVIC [ulertrad) 


Thus (y(e-#-2)) is a NFOS. 
Hence u'“2) is a NFCS. 
Conversely, suppose that each NFP u@-2) ig a NECS. 


Then [,(are-x)] is a NFOS. 
(@,B.2) ~ (0,B.) _ 
Let u f\yv = 077. 


( 


Thus v\%*-2) elul-)} and y\%-4-2) nfule2)] =Onp - 


Hence v, tS f cw) is a neutro-fine 7; -space over (VW, t,, ). 


Theorem 4.15 Let (v, Trt cw) be a NFTS over (W,z,,). (v, Ls Sw) is a neutro-fine 7, -space if and only if for 
distinct NFPs u‘\”*-#) and v\%4-#) , there exists a NFOS SrV) containing uF) but not v'~*#) such that 
VAD ¢ Chir (oe(V)). 

Proof. Let (v, Ta ly) be a neutro-fine 7, -space. 


Let u\*42) and y\"4“) be two NEPs. 
Then there exists disjoint NFOSs ¢p(V,) and ¢p(V,) such that 


uPA) eca(K) and WP) ece(V;). 
Since u'#) rez) =Onp and op(Vi)NSR(%r) = One, then 
OP? geal). 
Hence v\%"*7) ¢ Cla(oarM))- 
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Conversely, suppose that for distinct NFPs uP”) and y\7) , there exists a NFOS Sp(V) containing ub®2) but 
not v2) such that v\%-4:2) €Clap(C(V)). 

Then °° e(ClicleaV))) « 

Thus ¢p(V) and (cli(oaY))) are disjoint NFOSs containing wb@P2) and yhoF-z) respectively. 


Hence v, (ae f cw) is a neutro-fine 7, -space. 


a, B, x) 


Theorem 4.16 Let (v, Tins f ow) be a neutro-fine 7, -space for every distinct NFPs u\ €op(V;) € ‘oy. If there 


exists a NFOS ¢p(V,) such that 

WP?) SrV2)S Chiy(S2V2))S SRM) 5 
then (v, Ts f cw) is a neutro-fine T, -space. 
Proof. Let (v, Ties f sw) be a neutro-fine 7, -space. 
Suppose that y\Poz) AieF2) =0,¢ 


a,B,x) 


Since v, Eo a is a neutro-fine 7, -space, ub and vy”) are NFCSs in Fge 


Thus y\%P-2) € (uie-#-2)} € Fee 
Then there exists a NFOS ¢,p(V,) such that 
pone e SRV2) Sp (SaV2))C (i22)] 
Thus 
OPA e(Clap(EQ(Va))) 5 WP?) coq (Va) and Sao) VUClypl6a(%2))) = nr 


Hence Wy, (a f cw) is a neutro-fine 7, -space. 


5. Decision Making in NFTS 


In this section, the real-life application is intimated to take a correct decision on DM problems and an example 
is investigated in two different manners. 


Definition 5.1 Let ¢p(V) be a NFS over W of a NFTS v, Ti Sew). Then the absolute complement of ¢p(V) is 
denoted as ¢p (V') and defined as cp V')=Cp (W-V). 

Thus the collection of cp (V') is denoted as /*cy, and defined as f "Gy Pier @): The elements belong 
to / “ow are said to be neutro-fine absolute open sets (NFAOSs) over (W, z,,) and the complement of NFOSs are said 


to be neutro-fine absolute closed sets (NFACSs) over (VW, r,,) and denote the collection by a "Cars 


Example 5.2 Let W ={w,,w>,w,} and rz, ={0,,1,,R} where R is a NS over W and are defined as follows 
R= {(m,.9,.4,.6), (wy,.6,.5,.1), (Ws,.7,.8, 1)}. 
Thus (W, z,,) is a NTS over W. 


Then NFOSs over (VW, z,,) are ie = (ii era (W3),SR(W, wW;)} , where 
Cp(W;) = {01 ,0,0,1), (1750, 0,1)s(105.75-8,H)s(0, 240,041), (0,3, 94-8,-1)(0,55-7.-8,-1)} and 


GW 95) = 50,041), (0029-6, 5y1) (5 To-Byel)o( 25-95 Ss), 5.9, 8,-1)o (002 35-7,8,.1)}. 
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Also, NFCSs over (W,z,) are “Sy ={OnslnsSe(W3)' Sp(W2,3)'t, where 
alway’ = (ms141,0},(Wy91,1,0), (094.1 2,.T),(Wi,2511,0),(W,35-1,-2,.9), (Wo, 39- 2,.1)j and 


Cp(W,W3)' = {(w,.1,1,0), (9 5-15,-6),(W3yeL5-2,-7)s( 25-1549), (my, -b5-25.9)s(0y, 55h 24-7)}. 
Thus (W,c,,, Gy) isa NETS over (W,r,). 
Then NFAOSs over (VW, z,,) are 


oy = 0, LnsSp ((ws)'), Sr’ (my, w3)')f= ,. Vis Sr (Mi w3),6n" (mi), 
where 


Cr’ ((W3)') =6R (WW) = {0-9-4 -6)s (025-6451) (175,0,051) (25-95-41), (0), 5-94-8510 5-7.-85-1)} and 


Cr’ (Wp, W3)')=op' (Mm) = {1.954 £6), W,,0,0,1), (¥3,0,0,1), (04, 5-95-5s-1),(Wi,35-9-8)-1), (9, 3,050, i) 
Also, NFACSs over (VW, r,,) are 

Cw = Dr. I, soa’ ((W3)), Sr’ ((m, ws’) \. b,. LisSr (M, W2 be ca ny'}, 
where 

Cr’ ((W3)') = Sp" (W5W9)' = {0 6,-6,-9), (Ws 1y5.6)5(055151,0), (1, 25--6,:9), (55 15.25.9),( Wo g5-L-2,-7)} 
and 

Sp’ ((W5W3)') =o p(w)! = {0 -6,.6,.9), (W515 1,0),(5.151,0)s (064 25-1.-5,-9)s(, 35-1-2,-9), (0p 351610) 
Definition 5.3 Let W be a set of universe and we W . Let R be a NS over W and V be any proper non-empty subset 
of W. Let ¢p(V) be a NFS over W of a NFTS (v, Cis f cw): Then the net value of R is calculated by the formula 

Then the net value of R (NV(R)) is calculated by the formula 


r(r,")) FH), |+| Blea) Zev) > (ie) Tlie), 


wall ; ; 1-4 
(R) 5 x 5 (5.1) 





where 
bats (Vy), , XUV), and ¥(F, VY); are the sum of all truth, indeterminacy and falsity values of ¢p(V)' 


. . U 
i i 


respectively, and 
E(re’ 7’) , Slr ita)! and (Fv) are the sum of all truth, indeterminacy, and falsity values of cp (V’) 


respectively. 

Algorithm 

Step 1: List the set of items for the sample. 

Step 2: List some of its risk factors as the universe W, where weW . 

Step 3: Go through the damages of the items. 

Step 4: Define each item as NSs, say R. 

Step 5: Collect these NSs which defines a NT 7, and so (W,z,,) is a NTS. 

Step 6: List the proper subsets of Was V. 

Step 7: Define NFSs for each NS with respect to their risk factors veV , say ¢p(V). 


Step 8: Define a neutrosophic-fine collection ‘¢, , where ¢p(v) are NFOSs and so (wv, T,5 Su) is 
a NFTS. 
Step 9: Find the complement and absolute complement of /¢,, “cy and /*¢w respectively, 


which represents the secureness of the items. 
Step 10: Calculate the NV(R) by using the formula (5.1). 
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Step 11: Select the highest value of NV(R) among all the calculated values of NV(R). 

Step 12: If two or more NV(R)s are identical for a particular w, replace that w with some other risk 
factor and recurrence the procedure. 

Step 13: Terminate the procedure, while attaining a unique NV(R). 


Example 5.4 Consider the problem that a customer wishes to buy a second-hand refrigerator. Let R1, R2, R3, and R4 
be sample refrigerators for second-hand sales. Each refrigerator is damaged according to some aspects of the universe 
We= {wy,W2,W3}, where w,—locked compressor, w,-—clogged coils and w, -—dirty condenser coil. Our problem is to 
help the customer to prefer a second-hand refrigerator with less damage. 
1. Let R1, R2, R3, and R4 be sample refrigerators for second-hand sales. 
2. Let W ={w,,w,,w3} be the universe, where w,—locked compressor, w,—clogged coils and —_w; —dirty condenser 


coil. 
3. Analyze the damages on each refrigerator. 
4. Define R1, R2, R3, and R4 as NSs. 


R1 = {(,,.6,.4,.7), (2, .5,-6,-7),(W5,.3,-4,.1)h, 
R2 = {(m,.3,.5, 8), (W,.4,.8,.5), (05,.2,.3,.7)}, 
R3 = {(W,,.6,.5,.7), (W,-5,-8,.5), (5,.3,-4,-1)} and 
R4 = {(,,.3,-4,.8), (,.4,.6,.7), (W5,.2,.3,.7)}- 
5. Thus 7, = (0,,1,,R1,R2, 3, R4} is a NT and so (W,r,) isa NTS. 


6. Let V = {(w,), (W)s (3), (W,,W2), (W153), (Wo, w3)} be the set of proper subsets of W. 
7. Define NFSs as 


Cp (Ws >) = {w.-6,4,.7), (W3,-5,-6,-7),(W,0,0,1), (1H, 95-65-6,-7) (1H, 35-65-4)-1}, (9,3, 56,1}, 
Cpo(W3) = {(w,.0,0, 1), (w.,0,0,1), (3,.2,.3,-7),( 4,240,051), (11 35-3,-5,-7),(Wo,35-4, 8,.5)}, 
Cp3(W>) = {(w,,0, 0,1),(¥#,-5,-8,-5),(¥#5,0,0,1), (141 95-6,-8,.5),(,350,0, 1), (vy 5..5..8,.1)} and 


Cpa(W W3) = {m.-3, A,.8), (W),0,0,1),(W35-2,-3,-7), (WH 25-4,-6,.7)5 (1, 35-3s-4,.7)s(W,35-4,-6, 7). 
8. Then the neutro-fine collection ie = {0,51 45Se1(M>W2)sSp2(W3)sSp3(Wr),Spa(. Ws), whose elements are 
NFOSs. 
Thus (7,7, /¢y) is a NFTS over (W,z,). 
9. Let the complement and absolute complement of /¢, represents the secureness of the items. 
The complement of Sow is ae =10,.lasSri (Wj5W)', Seo (W3) Cpa (Wo) Spa is Ws) where 
Cp(W1, Wy) = (m, £7, 6,.6),(W4-7,4,.5)> (W351 1,0) (Wi, 25-Ts-4,-6), (1H, 35-1, -6,-6), (Wy, 35-1 4,.5), 
Cpo(W3)' = (m, 1,1,0), (¥0,1,1,0), (W3,.7,-7,-2)s(W4,251,1,0),(W,,35-75-55-3)s(W,35-5,.2, 4), 
Cp3(W7)' = {wil 1,0), (w,-5,.2,.5), (W3,1,1,0), (,2,-5,-2,-6),(W,351,1,0),(Wo,35-L 2,.5)} and 
Cpa(WsW) = (nm, 8,.6, 3), (W351,1,0),(W5-7,-7,-2), (1 25-75-4,-4), (my, 35-T5-65-3),(W,35-7,.4, 4). 
The absolute complement of /¢,, is /*¢y = DyolinsS1°(5)sS a2" (OH. W2)sC~s"(.W3),Sra"("2)} , where 
ar" (ws) = {0,0 1),(0¥3,0,0,1),(W755-3,-4,-1), (W;,2,0,0,1), (wi, 3,-6.-4.1),(w3,3, 5,.6,.1)}, 
Cro’ (WW) = Ww .-3,-5, 8), (W,,-4,.8,.5), (13,0,0,1), (W,,25-4,-8,-5), (1, 35-3,-5,-7),( Wy 35 4,8,.5), 
py (W503) = {(w.-6,.5,-7)s(w,0, 0,1),(w,.3, Ay), 0), 25-6,.8,-5)s (i 35-6,-5s-1)s (Wo 35-5,-8,1)} and 


Cra’ (W) = (1,0, 0,1),(w,-4,.6,.7),(W3,0,0,1), (1H,25-4,.6,-7),(w,3,0,0,1), (00 554,.6,.7)}. 
10. By using the formula (5.1), the following values are obtained. 


24 
DOI: 10.5281/zenodo.4247867 


International Journal of Neutrosophic Science (INS) Vol. 12, No. 1, PP. 13-28, 2020 





NV(R1) = 0.98, 
NV(R2) = 2.61, 
NV(R3) = 2.99 and 
NV(R4) = 0.79. 
11. Thus NV(R3) is the highest value. 
Hence the customer can prefer to buy R3 for the second use. 


Example 5.5 Consider the situation of Example 5.4. 
1. Let R1, R2, and R3 be sample refrigerators for second-hand sale. 
2. Let W = {w, W, Ww} be the universe, where w,—locked compressor, w,—clogged coils and —_ w, —dirty condenser 


coil. 
3. Analyze the damages on each refrigerator. 
4. Define R1, R2, and R3 as NSs. 

R1= {(w,,.3,-4,.5), (.,-5, .6,.3), (W5,-1,.2,.3)h, 

R2 = {(w,,.4,.5,.2), (.,.6,-8,.3), (5,.4,.5,.2)} and 

R3 = {(1,.4,.5,.2),(wp,.6,.8,.3), (w5,.4,-5,.2)} . 
5. Thus 7, ={0,,1,,R1,R2, R3} is a NT and so (W,r,) is a NTS. 
6. Let V= {(™), (Ww), (W3), (Wj, Wz), (W1, W3),(W2, w3)} be the set of proper subsets of W. 
7. Define NFSs as 


Cp(W1,W3) = (m3, A,.5),(12,0,0,1), (103,-1,.2,.3),(10),35-5,-6,-3), (1, 35-3,4,.3), (192,355, 6.3), 
Cpo(W,W3) = {(w,0, 0,1), (¥,-6,.8,.3), (103,.4,.5,.2), (1H, 2,-6,-8,.2), (1 55-4,.5.2), (00, ,-6,.8,.2)} and 


Cp3(W,W>) = {m.-4, ‘5,.2),(W,-6,-8,.3),(W,0,0,1),(W;,25-6,-8,.2), (11 35-4,.5,.2), (v0 55.6,.8,.2)f. 
8. Then the neutro-fine collection /¢y = {0,1,5Se1(W1W3)sSp2(W2,W3)s5p3(), W)}, Whose elements are NFOSs. 
Thus v, im | is a NFTS over (W, z,,). 
9. Let the complement and absolute complement of /¢,, represents the secureness of the items. 


The complement of /¢y. is "Gy ={0p.1nsSei(¥is¥3)'sSp0 (25 W3)'sSps(Mi.W)'}. Where 
Cm (1, W3) = {(1.-5,-6,-3),(W lel 0), (13,.3,-8,.1),(W1,25-3,.4,-5),(W,3,-3,.6,.3}, (01,5,.3.-4.5)} 
Cpo(W.Wy)' = (yal 1,0), (),-3,.2, 6), (W5s-2,-5,-4), (Wi, 95-2,-2,-6), (W,,35-2,-5,4}, (Wy, 35-2 2,.6)} and 
Cp3(W,.W>)' = (m,2,-5, A), (Wy53,.2,.6),(W3,-1,1,0), (1, 25-25-26), (Wi, 35-25-5,4}s (Wo, 39-2 2,.6)}. 
The absolute complement of ‘cy, is /*cy = Dyaly-Sar"(W3).Sn0"(m).Ses°(ws)} , where 
Cer" (Wa) = {w,0,0,1),(109,.5,-6,.3),(0"5,0,0,1), (1, 25-5,-6,.3}, (1, 3,.0,0, 1), (v0 55.5,-6,.3)}, 
Cro (WW) = {w.-3,-5, 8), (W,,-4,.8,.5), (13,0,0,1), (W,,25-4,-8,-5), (1, 35-3,-5,-7),( Wy 35 4,8,.5)} and 


ps (W503) = {(w.-6,.5,.7), (W3,0,0,1), (1755.3, 45-1), (174 95-6,-8,-5), (1, 35-6,.5,-1), (535-5, 8,.1)}. 
10. By using the formula (5.1), the following values are obtained. 
NV(R1) = 1.26, 
NV(R2) = 1.62 and 
NV(R3) = 1.62. 
11. Thus both NV(R2) and NV(R3) are the highest value. 
In this situation, replace the clogged coils ( w, ) by some other risk factors and repeat the process. 
1. Let R1, R2, and R3 be sample refrigerators for second-hand sale. 
2. Let W= {w,,W.,W3} be the universe, where w, —locked compressor, w,~—failed fan motor and w, —dirty condenser 
coil. 
3. Again analyze the damages on each refrigerator. 
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4. Define R1, R2, and R3 as NSs. 
R1 = {(w,,.3,-4,.5), (95.4, .8,.3), (5,-1,.2,.3)}, 
R2 = {(,,-4,-5,.2), (2,5, 8-1), (w3,.4,.5,.2)} and 
R3 = {(W,,.4,.5,.2), (wp,-5,-8,.1), (w3,.4,.5,.2)} . 
5. Thus 7, ={0,,1,,Rl, R2,R3} is a NT and so (W,r,,) is a NTS. 
6. Let V = {(W,), (W)s(W3), (W,,W2), (1, V3), (Wo, w3)} be the set of proper subsets of W. 
7. Define NFSs as 


Cp(W>, W3) = {(w,.0. 0,1),(10)5-4,-8,.3), (W5s-1,.2,.3), (Wi, 25-4,-8,.3}, (01 35-3,-4,.3), (00,3,.4,.8,3)}, 
Cpo(Wy) = (m.0, 0,1), (w,.5,.8,-1),(w3,0,0, 1), (Wi,25-5,-8)-1), (11, 3,0, 0, 1),(W»,35-5,-8-1)} and 


Cp3(W1,W3) = {m.4, 5,.2), (250,01), (W55-4,-5,.2),(01,25-5,-8,-1), (W,35-5,-8,-1), (3,3, 5,8,.1)}. 
8. Then the neutro-fine collection /¢y = {0,s1,+Sei(W2W3)sSp2(W2)sSp3(1, W3)}, Whose elements are NFOSs. 
Thus (W,z,,/¢y-) is a NFTS over (W, 7, ). 
9. Let the complement and absolute complement of /¢,, represents the secureness of the items. 


The complement of fy is "Gy ={0,.1,.Sei(>.W3)'sSu2(W2)'sSes(Wis Wa)" Where 
Cpi(W,W3)' = (mh 0), (W2,-3,.2,-4), (13,-3,-8,-1), (404,25-3,-25.4), (1H, 35-3,-6,.3}, (W,35-3).2, 4), 
Cpo(Wy)' = (m, 1,1,0),(w,-1,-2,-5),(W5.1,1 0), (144,25-1-2,-5),(Wi,35151,0), (2,35-1 2,.5)} and 
Cp3(W1.W3)! = (m,2, 5,4), (¥0251,1,0), (103,.2,-5,-4), (Wh, 25-bs 25-5), (Wi 35-1-25-5),(W2,35-h 2,5). 
The absolute complement of ¢y is /*oy = Dyoly Ser" (%).Sn0"(M, 3),Sn3°("2)} , where 
Cm (4) = (m.-3, A,.5),(W,0,0,1),(w3,0,0,1), (Wi, 25-4,-8,.3), (1H 35-35-4,.3),(Ws,3,0,0, 1), 
Cro’ (Wi W3) = {(ws-4,-5,.2), (wy, 0, 0,1),(w3,.4,.5,.2), (1), 255y-851)s(08,35-5,-8,-1)s(00y 35-5,.81)| and 


Cp3 (Wy) = (m.0, 0,1), (9¥5-5,-8,-1),(W3,0,0,1),(W,,25-5,-8,-1), (1H, 3,0,0,1), (109, 3,-5,-8, Ay}. 
10. By using the formula (5.1), the following values are obtained. 

NV(R1) = 1.43, 

NV(R2) = 3.00 and 

NV(R3) = 1.8. 
11. Thus NV(R2) is the highest value. 
Hence the customer can prefer to buy R2 for the second use. 


6. Conclusions 


The principal concern of this paper are to initiate the new type of topology called NFT and studied some essential 
theorems. Also defined the interior and closure on NFTS, and analyzed its basic properties with perfect examples. The 
concept of separation axioms on this space are investigated and the relationship between each neutro-fine 7;_ 9) >- 


spaces are exposed with illustrative examples. Besides this, the application of this space are explored on DM problems 
where the complement and absolute complement of each NFOS is determined to change unfavorable queries into a 
favorable one. The algorithm specified to describe the process and the positive solution calculated by the formula are 
given. Consequently, the future researchers can extend this NFTS to some special types of sets, whereas soft sets, 
rough sets, crisp sets, cubic sets, etc. Also, the application part can extend to MCDM problems. 
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Abstract 


Vague sets gives more intuitive graphical notation of vague data, that devotes better analysis in information 
relationships, incompleteness and similarity measures. Neutrosophic graphs are used as a mathematical tool 
to kept an imprecise and unspecified information. In this paper, the neutrosophic vague incidence graphs are 
introduced. The edge-connectivity, vertex-connectivity and pair-connectivity in neutrosophic vague incidence 
graphs are established. The given results are illustrated with suitable example. 

Keywords: Neutrosophic vague incidence graph, Edge-connectivity, Vertex-connectivity and Pair-connectivity. 


1 Introduction 


Vague sets are denoted as a higher-order fuzzy sets which develops the solution procedure more complex 
to obtain the results more accurate than fuzzy but not affecting the complexity on computation time/volume 
and memory space. The restrictions in vague sets allow only to hold an incomplete data, but the handling 
of indeterminate information still remains. Can we see an instance, suppose there are 10 patients to check a 
pandemic during testing. In that time, there are five patients having positive, three will have negative and two 
are undecided or yet to come. By employing the neutrosophic concepts, it can be expressed as x(0.5, 0.2, 0.3). 
Hence the neutrosophic field arises to hold the indeterminacy data. It generalizes the aforementioned sets from 
the philosophical viewpoint. The single-valued neutrosophic set is the generalisation of intuitionistic fuzzy 
sets and is used expediently to deal with real-world problems, especially in decision support HBEGRTEG The 
computation of believe in that element (truth), the disbelieve in that element (falsehood) and the indeterminacy 
part of that element with the sum of these three components are strictly less than 1. Neutrosophic sets are the 
base of neutrosophic logic, a multiple value logic that generalizes the fuzzy logic which deals with paradoxes, 
contradictions, antitheses, antinomies is proposed by SmarandachéE4 and references therein. 

The neutrosophic set is introduced by the author Smarandache in order to use the inconsistent and in- 
determinate information, and has been studied extensively (seq), In the definition of neutrosophic set, 
the indeterminacy value is quantified explicitly and truth-membership, indeterminacy membership, and false- 
membership are defined completely independent with the sum of these values lies between 0 and 3. Neutro- 
sophic set and related notions paid attention by the researchers in many weird domains2LY The combina- 
tion of neutrosophic set and vague set are introduced by Alkhazaleh in 20150 Single valued neutrosophic 
graph are established in the papers oI Some types of neutrosophic graphs and co-neutrosophic graphs are 
discussed in@) Intuitionistic bipolar neutrosophic set and its application to graphs are established in Al- 
Quran and Hassan in introduced a combination of neutrosophic vague set and soft expert set to ea, 
the reason-ability of decision making in real life application. Neutrosophic vague graphs are investigated in! 
Comparative study of regular and (highly) irregular vague graphs with applications are obtained inJ8 Fur- 
thermore, some properties of degree of vague a domination number and regularity properties of vague 
graphs are established by the author Borzooei! Authors in presented some properties of single-valued 
neutrosophic incidence graphs and discussed the edge-connectivity, vertex-connectivity and pair-connectivity 
in neutrosophic incidence graphs. Motivated by papers IESE0 we introduce the concept of neutrosophic 
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vague incidence graphs. The main contributions of this paper are to introduce the neutrosophic vague in- 
cidence graphs, and the edge-connectivity, vertex-connectivity and pair-connectivity in neutrosophic vague 
incidence graphs are discussed in Section 3. 


2 Preliminaries 


In this section, basic definitions and example are given. 


Definition 2.1. = A vague set A on a non empty set X is a pair (Ty, Fa), where T, : X —> [0,1] and 
Fx : X — [0,1] are true membership and false membership functions, respectively, such that 


0 < Ta(x) + Fa(y) < 1 for any x € X. 


Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on X x Y that is 
R = (Tp, Fz), where Tp : X x Y > [0,1], Fp : X x Y — (0, 1] and satisfy the condition: 


0 < Tr(a, y) + Fe(x,y) < 1 for any x € X. 





Definition 2.2. [Let G* = (V,E) be a graph. A pair G = (J,K) is called a vague graph on G*, where 
J = (Tj, Fy) is a vague set on V and K = (Tx, Fix) is a vague set on E C V x V such that for each xy € E, 



































Tx(xy) < min(Ty(x), Ty(y)) and Fix(ay) > max(Fy(x), Fy(y)). 


Definition 2.3. ME4 Let X be a space of points (objects), with a generic elements in X denoted by x. A 
single valued neutrosophic set A in X is characterised by truth-membership function Tj (a), indeterminacy- 
membership function I(x) and falsity-membership-function F's (a), For each point « in X, Ty (x), Fa (x), Ia (a) € 
[0, 1]. Also 


A= {x,Ta(x), Fa (x), Ia (ax)} and 0 < Ta (x) + Ia(x) + F(x) < 3. 


























Definition 2.4. [4 a Neutrosophic set A is contained in another neutrosophic set B, (i.e) A C B if Va € 
X, T(x) < Tp (x), Ia(x) = I3(a)and F(a) = F(x). 











Definition 2.5. 227A neutrosophic graph is defined as a pair G* = (V, E) where 
(i) V = {v1, v2,..,Un} such that T; : V > [0,1], 4 : V > [0,1] and F, : V > [0,1] denote the degree of 
truth-membership function, indeterminacy function and falsity-membership function, respectively and 





0 < Ti (v) + I1(v) + F,(v) < 3, 














(ii) E C V x V where T2 : E > [0,1], Ig : E — [0,1] and Fy : E > (0, 1] are such that 



































To(uv) < min{T)(u), Ti(v)}, 
In(uv) < min{f (wv), hi(v)}, 
Fo(uv) < max{F}(u), Fi(v)}, 

and 0 < To(wv) + Ig(uv) + Fo(uv) < 3, Vuu € E. 

















Definition 2.6. Ha neutrosophic vague set Ayy (NVS in short) on the universe of discourse X written as 
Anv = {(z, Tey (x), Lise (x), Pay (x)), TE X}, 
whose truth-membership, indeterminacy membership and falsity-membership function is defined as 
Tayy (a) = [TO (a), T*(2)], fany (@) = (2), I* (@)] and Fayy (x) = [F7 (2), F*(2)], 
where T* (x) = 1— F(x), Ft (x) =1—T (ax), and0 < T7 (x) +JI- (a) + Fo (2) < 2. 
Definition 2.7. “The complement of NVS Ajyv is denoted by A‘, and it is defined by 
Thyy (e) = [L-T"(@),1-T" (a)], 


Fiyy(#) = (L—I*(@),1-I-@) 
Fryyy (a) = [1— F*(«),1—- F(e)]. 








Definition 2.8. MLet A nv and Byyv be two NVSs of the universe U. If for all wu; € U, 
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Lee (ui) < Tas, (ui), fen (ui) 2 Buy (ui), Page (ui) 2 Payy (ui), 

















then the NVS, Ayv are included in Byyvy, denoted by Avy C Byyv where 1 <i <n. 





























Definition 2.9. 1 The union of two NVSs Any and Byy isa NVSs, Cyyv, written as Cyny = Any UBny, 
whose truth membership function, indeterminacy-membership function and false-membership function are 
related to those of Ayy and Byy by 




















Toy (x) = [max(Ty,, (2), Tp,,, (2), max(Th), (©), Tey, (2))] 
Teyy () = [min(Iq,,,. (2), Jey, (2), min, (@), Tey, (@)] 
Feyy («) = [min(Fy,, (&), Fey, («)),min(Fyy (#), Fey (@))]- 


Definition 2.10. ™ The intersection of two NVSs, Any and Byy is a NVSs Cyy, written as Cyy = 
Anv © Byv, whose truth-membership function, indeterminacy-membership function and false-membership 
function are related to those of Ayy and Byy by 


Tey (#) = [min(Ty,,, (2), Tey, (@)), min(Tyh, (©), Tey (@)))] 
feyy (t) = [max(Iq,,,, (#), Ip yy (#)), max( if, (2), Byy (2))] 
Feyy (#) = imax(Fry, (2), Fay (2) max(Fy), (2), FB yy (#))]. 














Definition 2.11. 2 Let G* = (R,S) be a graph. A pair G = (A,B) is called a neutrosophic vague graph 
(NVG) on G* or a neutrosophic vague graph where A = (Tj, a, Fa) is a neutrosophic vague set on R and 
= (Tg, Ip, Fg) is a neutrosophic vague set S C R x R where 














(1)R = {v1, v2,...,Un} such that Ty :R—- [0,1],I, :R- 0, 1], Fx :R— [0,1] which satisfies the 
condition Fy = [1 — Ti] 
Ty : R= (0,1), Jf :R = [0,1], Ff : R — (0, 1] which satisfies the condition FY = [1 — Ty] 


denotes the degree of truth membership function, indeterminacy membership and falsity membership of the 
element v; € R, and 


O< Ty (v4) + Iq (vs) + Fg (vs) S 2 
0 < Ty (vi) + If (vi) + FE (vi) < 2. 


(2)S C R x R where 


T; :RxR>(0,J,Q:RxR-(0,1,Fy:RxR->(0,] 
Tg :-RxR-(0,1,4:RxR- (0,1), :RxR-(0,]] 




















denotes the degree of truth membership function, indeterminacy membership and falsity membership of the 
element v;,v; € S, respectively and such that, 
O< Ty (ving) + Tg (ving) + Fg (viv) 


< 
0 < Tz (v;v;) + rea (u;v;) + Fs (vjv;) < 


2 
2 
such that 


(vjvj) < min{Ty (vi), Ts, (vj) } 
vjiv;) < min{I, (v;), L, (v;)} 
(vjvj) < max{Fq (vi), Fa (vj) }, 


ay at ei 


and similarly 

Te (ti0g) < min{T;* (vi), Ti (v3)} 
Tg (viv;) < min{ If (vi), Ig (v5) } 
Fg (vivj) < max{ Fy (vi), Fit (vy) }- 
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Definition 2.12. ZA neutrosophic incidence graph of an incidence graph, G* = (V, F, I), is an ordered triplet, 
G = (A,B,C), such that 

1. Ais a neutrosophic set on V, 

2. B is aneutrosophic relation on V and 

3. Cis aneutrosophic subset of V x FE such that 


To(#, xy) < min{T'4(x),Tp(xy)}, 
Io(a, xy) < min{Ia(x), Ia (xy)}, 
Fo(a, xy) < max{F4(2), Fe(xy)}, for allay € E 


3 Neutrosophic Vague incidence graph Graphs 


In this section, the definition of NVIGs are introduced. Some properties on edge-connectivity, vertex-connectivity 
and pair-connectivity in neutrosophic vague incidence graphs are established. 











Definition 3.1. A neutrosophic vague incidence graph of an incidence graph G = (V,E,I), is an ordered 
triplet, G* = (Q, R, S), such that 

1. Q is a neutrosophic vague set on V, 

2. Ris a neutrosophic vague relation on V and 

3. S is a neutrosophic vague subset of V x E such that 

















Ts (a, ab) < min{T9 (a), Tp (ab) }, 
I; (a, ab) < min{Jo (a), Ip (ab), 
Fy (a,ab) < max{ FG (a), Fp (ab)}, 
similarly 
Td (a, ab) < min{T3 (a), Tz (ab)}, 
Ig (a, ab) < min{ Ig (a), I (ab)}, 
Fé (a,ab) < max{ FG (a), Fx (ab)}, Va EV,abeE 
































Example 3.2. Consider an incidence graph G = (V,E,I) such that V = {q,r,s,t}, E = {qr,rs, rt, st, qt} 
and I = {(q¢, qr), (r, ar), (r, rs), (s, rs), (r, rt), (t, rt), (s, st), (¢, st), (¢, gt), (t, gt)}, as shown in figure | 
Let G* = (Q, R, S) be a neutrosophic vague incidence graph associated with G, as shown in figure 3, where 
q = [0.5,0.6], [0.4, 0.4], [0.4,0.5], r = [0.3, 0.3], [0.5, 0.6], [0.7,0.7], s = [0.6, 0.5], [0.3, 0.4], [0.5, 0.4], 
t = (0.4, 0.7], [0.5, 0.6], [0.3, 0.6] 

q~ = (0.5, 0.4, 0.4), gt = (0.6, 0.4, 0.5) r~ = (0.3, 0.5, 0.7), r* = (0.3, 0.6, 0.7) 

s~ = (0.6, 0.3,0.5),q* = (0.5, 0.4, 0.4) t~ = (0.3, 0.6, 0.7), g* = (0.7, 0.6, 0.6) 











Q={q = (0.5,0.4,0.4),q7 = (0.6,0.4,0.5),r~ = (0.3, 0.5, 0.7), r* = (0.3, 0.6, 0.7), 
s =10.6,0.3,0.5)9" = 06,04,04),¢° = 03,086,074" —(0.7,0.6,0.6)} 
= {(qr)~ = (0.2, 0.3, 0.6), (qr)* = (0.2, 0.3, 0.5), (st)” = (0.3, 0.2, 0.5), (st)* = (0.4, 0.3, 0.4), 
a (0.1, 0.2, 0.3), (rs) = (0.2, 0.3, 0.4)(gt)~ = (0.3, 0.2, 0.4), (q¢)t = (0.3, 0.3, 0.5), 
t)~ = (0.1,0.4,0.6), (rt)+ = (0.2, 0.2,0.5)} 
S ={(q,ar)” = (0.2, 0.2, 0.5), (q,gr)t = (0.2,0.1, 0.4), (r, qr)” = (0.1, 0.3, 0.5), (r,qr)* = (0.1, 0.2, 0.4), 


ma > 
= 





(7,93) = (0.1,0.2,0.6), @,rs)* = (0.4,0.3, 0.4), (e,73)- = (0.1, 0.2,0.5), (9,73)* = (0.1,0.3,0.3), 
(r,rt)~ = (0.1, 0.3, 0.6), (r, rt)* = (0.2, 0.1, 0.6), (t, rt)~ = (0.1, 0.3, 0.5), (t, rt)* = (0.2, 0.1, 0.5), 
(s, st)~ = (0.2, 0.1, 0.4), (s, st)* = (0.3, 0.2, 0.3)(t, st) = (0.2, 0.1, 0.4), (¢, s#)+ = (0.3, 0.2, 0.3), 
(g,qt)~ = (0.2,0.1, 0:3), (¢,qt)* = (0.2,0:2,0.4), (¢,¢t)— = (0:2,,0.2, 0.3), (¢,gt)* = (0.2, 0.2,0.5)} 


Definition 3.3. The support of an NVIG G* = (Q, R, S) is denoted by G** = (Q*, R*, S*) where 
Q* == euEDOE DEO as Ta(a )>0, Ta(a )>0, Fala ) > 0} 

R* = support of R = {ab € : Tp(ab) > 0,fR (ab) > 0 , F(ab) > 0} 

S* = support of S = {(a,ab) €1: Ts(a, ab) > 0, Is(a, ab) > 0, Fs (a, ab) > 0}. 
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Neutrosophic Vague Incidence Graph 


Definition 3.4. If ab € R*, then ab is the edges of the NVIG G* = (Q, R, S) and if (a, ab), (b, ab) € S* then 
(a, ab) and (b, ab) are called pair of G*. 


Definition 3.5. Suppose P= ao; (ao, aay), agai, (a1, ao, a1), ai, (a1, a1a2), aj,a2, (a2, a1, a2), + An—1; 
(@n—1, @n—14n), @n—14n, (An, Gn—1, Gn) Of vertices, edges and pairs in G* is a walk. It is a closed walk if 
do = Gn. In the above sequence, if all edges are distinct, then it is trail, and if the pairs are distinct, then it is 
an incidence trail. P is called a path, if the vertices are distinct. A path is called a cycle if the initial and end 
vertices of the path are same. Any two vertices of G* are said to be connected, if they are joined by a path. 
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Example 3.6. In the above example, one can see that 

P, = 4¢,(¢,4¢r), 97, (",¢7),17, (r, 78), 78, (5, rs), €, (t, tg), tg, (g, tg), q is a walk. It is a closed walk since the 
initial and final vertices are same. (i.e) it is not a path, but it is a trail and incidence trail 

P2 =4,(¢, 4"), 97, (", 97), 7, (r,s), rt, (t, rt), t. Then, P2 is a walk, path trail and incidence trail. 


Definition 3.7. Let G* = (Q, R,S) be an NVIG, then H = (L, M,N) is a neutrosophic vague incidence 
subgraph of G*, if L CQ, M C Rand N CS. Also, H is a neutrsophic incidence spanning subgraph of G”*, 
ifL=Q. 


Definition 3.8. In an NVIG, the strength of a path, P is an ordered triplet denoted by S(P) = (81, 52, 53), 
where 
s, = min{TpR(ab) : ab € P}, sy = min{Ip(ab) : ab € P}, 83 = max{Fp(ab) : ab € P}. 
Similarly, the incidence strength of a path, P, in an NVG is denoted by IS(P) = (151, is2,is3), where 
is, = min{Tg(ab) : (a,ab) € P}, iso = min{fg(ab) : (a,ab) € P},is3 = max{Fs5(ab) : (a, ab) € P}. 


Definition 3.9. Inan NVG, G* = (Q, R, S) the greatest strength of the path from / to m, where 1,m € Q*UR* 
is the maximum of strength of all paths from / to m. 
S* (l,m) = max{S(P;),S(P2),S(P3), ...} 
= (sP, sy, sp) 
= (max(s11, $12, $13, -.-.), Max(S21, $22, $23, -..), min(s31, $32, 533, --)), 
S*° (i,m) is sometimes called the connectedness between / and m. 


Similarly, the greatest incidence strength of the path from / to m, where 1,m € Q* U R* is the maximum of 
incidence strength of all paths from / to m. 


IS*(1,m) = max{IS(P;), IS(P2), IS(P3),...} 
= (isq?, 183°, 183°) 
_ (max(is11, 1812, 1813, a); max(is91, 1822, 1893, ayy min(is31, 1832, 1833, a) 


where P;,j = 1, 2,3,... are different paths from / to m. 
IS (1, m) is sometimes represented as the incidence connectedness between / to m. 


Definition 3.10. An NVG, G* = (Q, R, S) isacycle if and only if, the underlying graph, G** = (Q*, R*, S*) 
is acycle. 


Definition 3.11. An NVG, G* = (Q,R,S) is a is a neutrosophic vague cycle if and only if, G** = 
(Q*, R*,.S*) is a cycle and there exist no unique edge, ab € R* such that 


Tr(ay) = min{Tp(ab) : ab € R*}, 
Ip(ay) = min{Ip(ab) : ab € R*}, 
F p(y) = max{F (ab) : ab € R*}. 
Definition 3.12. An NVG, G* = (Q, R,S) is a neutrosophic vague incidence cycle if and only if, G** = 
(Q*, R*,.S*) is a cycle and there exist no unique edge, ab € S* such that 
Ts(x,xy) = min{Ts(a, ab) : ab € S*}, 
g(a, cy) = min{Is(a, ab) : ab € S*}, 
'5(a, zy) = max{ F's (a, ab) : ab € S*}. 
Definition 3.13. Let G* = (Q, R, S') be an NVIG. An edge ab in G is called a bridge if and only if, ab is a 


bridge in G** = (Q*, R*, S*) that is, the removal of ab disconnectes G**. An edge, ab is called a neutrosophic 
vague bridge if 


S'° (x,y) < S*(a,y), for some x,y € Q* 
(st, 82°, 83°) < (87°, 83°, 83°, ) 


100 Co 100 co 100 Co 
=> 8° < Sy, 89> < 89°, 83° > 83, 
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where S’*° and S® denote the connectedness between x and y in G’ = G* — ab respectively. 
An edge ab is called a neutrosophic vague incidence bridge if 


IS'* (x,y) < IS* (a, y), for some x, y € Q* 
(USE 18a nl8a 3) (89 5380: 3 188s) 
Sis? Sis py Wo Sey Sse Se 
where IS’ and IS denote the connectedness between x and y in G’ = G* — ab respectively. 


Definition 3.14. Let G* = (Q, R, S) be an NVG. A vertex v in G* is a cutvertex if and only if it is a cutvertex 
in G** = (Q*, R*, S*) that is G* — v is a disconnected graph. 

A vertex v in an NVIG is called a neutrosophic vague cutvertex if the connectedness between any two vertices 
in G’ = G* — vis less than the conncetedness between the same vertices in G* that is, 


S’ (x,y) < S*(a2,y), for some x, y € Q* 


A vertex v in NVIG G* is a neutrosophic vague incidence cutvertex if for any pair of vertices, x, y other than 
v the following condition holds: 


IS'® (x,y) < IS (a, y), for some x,y € Q* 


where IS’ and [S® denote the connectedness between x and y in G’ = G* — ab respectively. 


Definition 3.15. Let G* = (Q, R, S') be an NVIG. A pair (a, ab) is called a cutpair if and only if, (a, ab) is a 
cutpair in G** = (Q*, R*, S*) that is after removing the pair (a, ab) there is no path between a and ab. Let 
G* = (Q,R, S) be an NVIG. A pair (a,ab) is called a neutrosophic vague cutpair if deleting the pair (a, ab) 
reduces the connectedness between a, ab € Q* U R* that is 


S'* (a, ab) < S*(a, ab), 


where S’°(a, ab) and S* (a, ab) denote the connectedness between a and ab in G’ = G* — {(a, ab)} and G* 
respectively. 
A pair (a, ab) is called neutrosophic vague incidence cutpair if 


IS'* (a, ab) < IS*(a, ab), 


for a,ab € Q* U R* 
where [S/*°(a, ab) and IS (a, ab) denotes the connectedness between a and ab in G’ = G* — {(a, ab)} and 
G* respectively. 


Theorem 3.16. Let G* = (Q, R,S) be a NVIG. If ab is a neutrosophic bridge, then ab is not a weakest edge 
in any cycle. 


Proof. Let ab be a neutrosophic vague bridge and suppose, on the contrary that ab is the weakest edge of a 
cycle. Then, in this cycle, we can find an alternative path, P, from a to b that does not contain the edge ab and 
SP is greater than of equal to SP2, where P2 is the path involving the edge ab. Thus, removal of the edge ab 
from G* does not affect the connectedness between a and v — a contradiction to our assumption. Hence, ab is 
not the weakest edge in any cycle. 














Theorem 3.17. /f (a, ab) is a neutrosophic vague incidence cutpair, then (a, ab) is not the weakest pair any 
cycle. 


Proof. Let (a,ab) be a neutrosophic vague incidence cutpair in G*. On contrary, suppose that (a, ab) is a 
weakest pair of a cycle. Then we can find an alternative path from a and ab having incidence strength greater 
than or equal to that of the path involving the pair (a, ab). Thus, removal of the pair (a, ab) does not affect 
the incidence connectedness between a and ab, but this is a contradiction to our assumption that (a, ab) is a 
neutrosophic vague incidence cutpair. Hence (a, ab) is not a weakest pair in any cycle. 














Theorem 3.18. Let G* = (Q, R,S) be a NVIG. If ab is a neutrosophic vague bridge in G*, then 
S* (a,b) = (87°, 83°, 93°) = (Tr(ab), Le(ab), F(ab) 
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Proof. Let G* be an NVIG and ab is a neutrosophic vague bridge in G*. On the contrary, suppose that 
s° (a, b) > (TR(ab), Tp(ab), Fp(ab)) 
Then, there exists a a — b path, P with 


S(P) > (Lr(ab), £e(ab), Fr(ab)) 


and 
(Tr(xy), Ir(zy), Fr(ay)) > (Tp (ab), Ip(ab), Fp(ab)) 


for all edges on path P. Now, P together with the edge, ab forms a cycle in which ab is the weakest edge, but 
it is a contradiction to the fact that ab is a neutrosophic vague bridge. Hence 


S™° (a,b) = (87°, 83°, 8°) = (Tr(ab), I(ab), Fr(ab)) 














Theorem 3.19. Jf (a, ab) is a neutrosophic vague incidence cutpair in an NVIG G* = (Q, R,S) then 


Is® (a, ab) > (ist, iss, is3’) _ (Ts(a, ab), Is(a, ab), Fs(a, ab)) 











Proof. The proof is on the same line as the above theorem. 





Theorem 3.20. Let G* = (Q, R,S) be an NVIG and G** is a cycle. then an edge ab is a neutrosophic vague 
bridge of G* if and only if it is an edge common to two neutrosophic vague incidence cutpairs. 


Proof. Suppose that ab is a neutrosophic vague bridge of G*. Then there exist vertices a and b with the ab 
edge lying on every path with the greatest incidence strength between a and b. Consequently, there exists only 
one path, P(say) between a and b which contains a ab edge and has the greatest incidence strength. Any pair 
on P will be a neutrosophic vague incidence cutpair, since the removal of any one of them will disconnect 
P and reduce the incidence strength. | Conversely, let ab be an edge common to two neutrosophic vague 
incidence cutpairs (a, ab) and (b, ab). Thus both (a, ab) and (b, ab) are not the weakest cutpair of G*. Now, 
G*™* being a cycle, there exists only two paths between any two vertices. Also the path P; from the vertex a 
and b not containing the pairs (a, ab) and (b, ab) has less incidence strength than the path containing them. 
Thus, the path with the greatest incidence strength from a to b is 


P» : a, (a, ab), ab, (b, ab), b. 


Also, 


S™ (a,b) = S(P2) = (Tr(ab), [p(ab), Fr(ab)). 


Therefore, ab is a neutrosophic vague bridge. 














4 Conclusion 


In this work, the neutrosophic vague incidence graphs have been introduced. The edge-connectivity, vertex- 
connectivity and pair-connectivity in neutrosophic vague incidence graphs have been established. The given 
results are illustrated with suitable example. In future, intuitionistic neutrosophic incidence graphs and neu- 
trosophic soft incidence graphs with their properties will be developed. 
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Abstract 


In real life situations, there are many issues in which there are uncertainties, vagueness, complexities and 
unpredictability. Neutrosophic sets are a mathematical tool to address some issues which cannot be met using the 
existing methods. Neutrosophic soft matrices play a crucial role in handling indeterminant and inconsistent 
information during decision making process. The main focus of this article is to discuss the concept of neutrosophic 
sets, neutrosophic soft sets, neutrosophic soft matrices theory and finally to discuss about neutrosophic soft block 
matrics which are very useful and applicable in various situations involving uncertainties and imprecisions. In this 
article, neutrosophic soft block matrices, various types of neutrosophic soft block matrices, some operations on it 
along with some properties associated with it are discussed in details. 


Keywords: Fuzzy sets, soft sets, soft matrix, neutrosophic sets, neutrosophic soft sets, neutrosophic soft matrix. 


1.Introduction 


The theory of fuzzy sets introduced by Zadeh[1], showed applications in many field of studies. This idea of 
fuzzy sets is welcome because it handles uncertainty and vagueness which cannot be met with classical set theory. 
Fuzzy set has membership function which assigns to each element of the Universe of discourse, a number from the 
unit interval [0, 1], to indicate the degree of belongingness of the set under consideration. In the fuzzy set theory, 
the membership of an element to a fuzzy set is a single value between zero and one. But in reality, it may not always 
be true that the degree of non membership of an element in a fuzzy set is equal to one minus the membership degree 
because there may be some hesitation degree as well. Therefore, a generalization of fuzzy set was realized by 
Atanassv [2], as intuitionistic fuzzy set in which the elements have degrees of membership and non membership 
which belong to the real unit interval [0,1] and the sum of these two functions belongs to the same interval. 


Intuitionistic fuzzy sets as generalization of fuzzy sets is useful in some situation when the description of a 
problem by linguistic variable, given in terms of membership function only seems to be too difficult to handle. For 
example, in decision making problem particularly in the case of medical diagnosis, sales analysis, new product 
marketing, financial services etc, there is a fair chance of a non null hesitation part in each moment of evaluation of 
an unknown project. 


In real life situations, most of the problems in economics, social sciences, environment etc, have various 
uncertainties. However, most of the existing mathematical tools for formal modeling, reasoning and computation are 
crisp deterministic and precise in character. There are theories namely, theory of probability, evidence, fuzzy set, 
intuitionistic fuzzy sets, rough sets etc for dealing with uncertainties. 


These theories have their own difficulties as pointed out by Molodtsov[3], and as such the novel concept of 
soft set theory was initiated. Soft set theory has rich potential for application in solving practical problems in 
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economics, social science, medical science etc. Maji .et.al ([4], [5]) have studied the theory of fuzzy soft set. Maji. 
et. al [6], have extended the theory of fuzzy soft set to intuitionistic fuzzy soft sets. 


Intuitionistic fuzzy sets can only handle the incomplete information considering both the truth membership 
and falsity membership values. It does not handle the interminants and inconsistants information which exist in 
belief system. 


Smarandache [7], introduced the concept of neutrosiphic sets as a mathematical tool to deal with some 
situations which involves impreciseness, inconsistencies and interminancy. It is expected that neutrosophic sets will 
produce more accurate result than those obtained by using fuzzy sets or intuitionistic fuzzy sets. Maji. et. al [8], have 
extended the theory of neutrosophic set to neutrosophic soft set. Later on Maji. et. al [9], have used the theory of 
neutrosophic soft set to decision making process. 


Using these concepts, several mathematicians have initiated many research works in different mathematical 
structures, for instance Deli et.al [10, 11,12],. Later, this concept has been modified by Deli and Broumi [13] to 
develop the idea of neutrosophic soft matrices and its successful utilization in decision making process. Broumi and 
Smarandache [14] introduced the concept of intuitionistic neutrosophic sets and related properties. Accordingly, 
Bera and Mahapatra [15] introduce some view on algebraic structure on neutrosophic soft set. 


Many researchers extended the concept of neutrosophic soft sets to neutrosophic parameterized soft sets, 
neutrosophic parameterized soft relations, interval neutrosophic soft sets, interval valued neutrosophic soft sets, 
interval valued parameterized neutrosophic soft sets, single valued neutrosophic soft sets, linear optimization of 
single valued neutrosophic soft sets, linear optimization of single valued neutrosophic soft sets, neutrosophic 
parameterized neutrosophic soft sets, interval valued neutrosophic parameterized interval valued neutrosophic soft 
sets which can be found in the references ([16],[17], [18],[19],[20], [21], [22]). 

Further researches on the extension of neutrosophic soft sets to many other direction are going on and these are 
visible in valuable works ([23], [24], [25], [26]) 


In this article, the main aim is to introduce the concept of neutrosophic soft block matrices and thereafter to 
discuss about various types of neutrosophic block matrices. The transpose of neutrosophic soft block matrix will 
also be defined. In the process some operations on neutrosophic soft block matrices are defined and accordingly 
some properties will be discussed. 


2. Definition and Preliminaries 
Some basic definitions that are useful in subsequent sections of this article are discussed in this section. 


Definition 1: Soft set(Molodsov, 1999) 

Suppose that U is an initial universe of discourse and E is the set of parameters, let P (U) denote the power 
set of U. A pair (E, F) is called a soft set over U where F is a mapping given by F' : E + P(U). Clearly soft set is 
a mapping from parameters to P (U). 


Example: Let U= {u1, uw, us, us}be a set of four types of ornaments and E={costly(e1), Medium(ez), 
Cheap(e3)} be the set of parameters. If A = {é, eet Cc E.. Let F(e:)={u1, u4} and F(e3)={ uw, u3}. Then the soft set 
can be described as 
(F, E)={(e1, {ui, ua}), (e3, { U2, u3})} over U which describes the “ Quality of Omaments” which MR. Z is going to 
buy. 

This soft set can be represented in the following table 1: 




















U Costly(e1) Medium(ez) Cheap(es) 
U1 1 0 0 
u2 0 0 1 
U3 0 0 1 
u4 1 0 0 
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Tablel 
Definition 2: Fuzzy soft set (Maji. et. al., 2001) 


Suppose that U is an initial universe of discourse and E is the set of parameters. Let A CE. A pair 
(F,,E) is called fuzzy soft set over U where F, is a mapping given by F’, : E > P(U).where P(U) denotes 
the collection of all fuzzy subsets of U. 


Definition 3: Intuitionistic fuzzy sets (Atanasav, 1986) 
Let U be an universe of discourse. Then the intuitionistic fuzzy set A is an object having the form 


A={<x,U,(x),V,(x)>,x€U}, where the function “,(x),V,(x):U [0,1] define the degree of 


membership and the degree of non membership of the element x€X to the set A with the condition 
O<u,(x)+v,(x) <1 
Definition 4: Intuitionistic fuzzy soft set (Maji, et. al, 2001) 

Suppose that U is an initial universe of discourse and E is the set of parameters. Let P(U) denotes the 
collection of all intuitionistic fuzzy subsets of U. Let A C E. A pair (Fa,E) is called an intuitionistic fuzzy soft set 
over U where Fa is a mapping given by F', : E > P(U) 


Definition 5: Neutrosophic sets ( Smarandache, 2005) 
Let U be the universe of discourse, The neutrosophic set A on the universe of discourse U_ is defined as 


A={<T,(x),1,(x),F,(x)>:x €U}, where the characteristic functions 7/,/:U > [0,1] and 


“0<7+/+F <3"; T\LF are neutrosophic components which defines the degree of membership, the degree of 
interminancy and the the degree of non membership respectively. 


Definition 6: Neutrosophic soft set (Maji, 2013) 
Suppose that U is an initial universe set and E is the set of parameters. Let P(U) denotes the collection of all 


neutrosophic subsets of U. Let A C E.. A pair (Fa,E) is called neutrosophic soft set over U where Fa is a mapping 
given by F',: E> PU) 
Let us consider the following example for illustration purpose 


Let U be the set of houses under consideration and E be the set of parameters where each parameters includes 
neutrosophic words. 


Example: Let U={u1, up, us, us, Us,U6}is a universal set of ornaments and E={ e1, e2, e3, e4} be the set of parameters 
where e1, €2, €3, e4 stands for costly, medium, cheap and very cheap.Let E={ e1, e2, e4} Let us consider the following 
case: 


Fa(e1)={(u1, 0.3, 0.4,0.2), (ua, 0.5, 0.4, 0.1),(u3,0.4, 0.4, 0.2), (us, 0.5, 0.2,0.1), (us, 0.6, 0.2,0.2), (us, 0.5,0.2, 0.2)} 
Fa(eo)={(u1, 0.4, 0.5,0.1), (ua, 0.4, 0.2,0.3),(u3,0.1, 0.6,0.2), (ua, 0.6, 0.2,0.1), (us, 0.3, 0.4,0.2), (us, 0.5, 0.3,0.1)} 
Fa(ea)={(u1, 0.5, 0.2,0.2), (u2,0.4, 0.5,0.1), (us, 0.5, 0.2,0.2), (us, 0.4, 0.2,0.3), (us, 0.4, 0.4,0.2), (us, 0.5, 0.3,0.1) } 


The tabular representation of NSS (Fa,E) is 
































U Costly(e1) Medium(ez) Very cheap(e,) 
uw (0.3, 0.4 ,0.2) (0.4, 0.5,0.1) (0.5, 0.2,0.2) 
u2 (0.5, 0.4, 0.1) 0.4, 0.2,0.3) (0.4, 0.5,0.1) 
U3 (0.4, 0.4, 0.2) (0.1, 0.6,0.2) (0.5, 0.2,0.2) 
u4 (0.5, 0.2,0.1) (0.6, 0.2,0.1) (0.4, 0.2,0.3) 
Us (0.6, 0.2,0.2) (0.3, 0.4,0.2) (0.4, 0.4,0.2) 
U6 (0.5,0.2, 0.2) (0.5, 0.3,0.1) (0.5, 0.3,0.1) 











Definition 7: Neutrosophic Soft Matrix (Deli. et. al, 2015) 
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Let (Fa,E) is a neutrosophic soft set over U where Fa is a mapping given by F’, : E > P(U) 
where P(U) is the collection of all neutrosophic subsets of U. Then the subset of UXE is uniquely defined by 
R,={(u,e):e€ A,u € F,,(e)} which is called a relation form of (Fa,E) .Now the relation Ra characterized 
by truth membership function 7, :U x E — [0,1] , interminancy membership function, :U x E — [0,1] and 


falsity membership function F',:U x £ — [0,1] where Ta(u,e) is the truth membership value, Ia(u,e) is the 


interminancy membership value and Fa(u,e) is the falsity membership value of the object u associated with the 
parameter e. 


Let U = {t, Up 5ltg 500000. u,,} be the universe set and FE = {X,,X,,X3,....... x,} be the set of parameters. Then 


Ra can be represented by tabular form as follows: 



































Ry ey Cp | ween es en 
Uy Tay tay Fay) Tayo tary Fay) aaeiay Tas play Faxy) 
U2 (Ty. JAov Fy.) (T455!A09 Fay) seeees (Ta,,12n Fann) 
Um (Tame)!Ama? Fam) (Tama! Ama Fag) aS Tarn! Amn? Famn) 
Where 
(Tarn Amn? “Amn = (1 A(Um,€n), [a(Um,€n), Fa(Umn)). If ai=(Ta(ui,e)), Ia(ui,e;), Fa(ui,e;)) we can define a matrix 
a, ay oe A, 
ec 
a. 
i 
Qn An2 + nn 


This is called neutrosophic soft matrix of order mxn corresponding to the neutrosophioc soft set (F4,E) over U. 


Example: Let U={u1, wy, us, U4, Us,U6}is a universal set. and E={ e1, e2, €3, e4} be the set of parameters and 
let 
E={ e1, €2, e3} 


Fa(e1)={(u1, 0.3, 0.4,0.2), (uo, 0.5, 0.4,0.3),(u3,0.4, 0.5,0.4), (ua, 0.6, 0.3,0.2), (us, 0.8, 0.1,0.3), (us, 0.7, 0.2,0.1)} 
Fa(eo)={(u1, 0.4, 0.5,0.2), (ur, 0.6, 0.2,0.3),(u3,1, 0,0.4), (u4, 0.6, 0.2,0.5), (us, 0.3, 0.4,0.3), (us, 0.5, 0.4,0.4)} 
Fa(e3)={(u1, 0.6, 0.2,0.3), (u2,0.4, 0.3,0.3), (us, 0.5, 0.1,0.4), (us, 0.4, 0.2,0.3), (us, 0.6, 0.4,0.2), (us, 0.7, 0.3,0.2) } 


Then the NSS (Fa, E) is a parameterized family {Fa(e1), Fa(e2), Fa(e3 )}of all NSS over U and gives an approximate 
description of the object. 
Hence neutrosophic soft matrix can be represented by 


[(0.3,0.4,0.2) (0.4,0.5,0.2) (0.6,0.2,0.3) 
(0.5,0.4,0.3) (0.6,0.2,0.3) (0.4, 0.3,0.3) 
(0.4,0.5,0.4) (0.1,0.0,0.4) (0.5,0.1,0.4) 
~ | (0.6,0.3,0.2) (0.6,0.2,0.5) (0.4,0.2,0.3) 
(0.8,0.1,0.3) (0.3,0.4,0.3) (0.6,0.4, 0.2) 
| (0.7,0.2,0.1) (0.5,0.4,0.4) (0.7,0.3,0.2) 





3. Operations on Neutrosophic Soft matrices 
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3.1 Addition of ia ag soft matrices 
Let A=[(T, 4)? Ly FP, )] ,.B=[(T, 1, .F, )] be two neutrosophic soft matrices. Then the max-min 
ij i ii fi 


product of the two neutrosophic soft matricesA and B is denoted as A + B is defined as 
A+B= [max(7), Ti, ), min(T ty, ), min(F’,, Fy )] for all i and j. 


3.2 Max-min product of neutrosophic soft matrices 
Let A= (7, 1,,.F,)| , B=[(,..1p.,F.)] be two neutrosophic soft matrices. Then the max-min 
ij ij ij ij ij ij 
product of the two neutrosophic soft matricesA and B is denoted as A * B is defined as 
A* B =[max min(T 4)? T, 2, ), min max([ Ay? I B, ), min max(F’ We FP By )] for all i and j. 


3.3 Transpose of neutrosophic soft matrices 
Let A=[(T7 m yt A? F 4 )] be aneutrosophic soft matrix. Then the transpose of this neutrosophic soft 
iy iy iy 


matrix will be defined by denoted by AT and is defined by A’ =[(T, ,/, .F, )] 


4. Neutrosophic soft block matrices 
In this section, neutrosophic soft block matrices and its related properties will be discussed. 
4.1 Neutrosofic soft block matrix 
A matrix may be subdivided into sub-matrices by drawing lines parallel to its rows and columns. These 
sub-matrices may be considered as the elements of the original matrices. 
For example 


(Dy La oF) TayLayoFa) + lay lage Pa) lay taye ha.) 





(7. Ay? I 4.5 F,) ¢, Ay? Lis F’,,) ; (7. Ay; T4.> F,,) (L. Any? L449 FG) 


es 43)? I 4.5 F's, ) (7. Ay? D4 F's, ) . (7. 433? I 4.5 st, ) (7. Azy? L449 P's, ) 


We may write the above matrix as 


-[f %] 
Py Py 


Where 
P,=[(7 Ay? Ly, i Fy ) (Ty014 ; Fs, )| 
Fy = ie A3? Las F,,) (LP Ay? D 44> en )| 
(Ty, I 4.9 Fs, ) (7. Any? Ln. Fs, ) (7. A)? Ly, 2 = b3 ) (T,, 7 Ly, 2 Fs, ) 
Py = se (T ) 
(L,,,> I> Fy) (T As)? L4,> Fs, ) : (7. 33? La As, Fy.) Arg? La.> Fs, 
Then 


Fy Fol. 

A= is an example of neutrosophic soft block matrix. 
Py Py 

So the matrix A is partitioned. The dotted lines divided the matrix into sub-matrices F.,, F,,P,,, P,, are the sub 


matrices. The matrix A can be partitioned in several ways. 
4.2 Square neutrosophic soft block matrix 
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or 


A= 


is a square fuzzy block matrix since all 


If the number of rows and the number of columns of blocks are equal then the matrix is said to be square 
fuzzy block matrix. 


For example 


| (T Ay? ty Fy (T, L4,0F4,) 
(3,15, F2) 5,15, F2) 


(7. Ayy? Lys F,,) 


Ag Fy) (7. Ay? I 4, ? Fi, ) 


(7. As)? Ia 


|Z. Ay? L4,> 








[ A, A, | 
| Ay: A,, A,, 


Numerical Example: 
[ (0.5,0.4,0.3) (0.6,0.7, 0.2) 
(0.4,0.5,0.5) (0.7,0.2, 0.3) 


(0.6,0.4,0.3) (0.7,0.2,0.4) 
| (0.5,0.4,0.5) (0.6,0.4, 0.5) 





(7 A\3? L4,> Py ) cs Ay? L4,° 


Fs, ) (7. Ay, ? Vays 


Fg.) Ls 


es As; ? T4,> 


(L Ay? D4. 


Ly? 


#5 are square blocks. 


(0.4,0.6,0.5) (0.5,0.4,0.5) 
(0.8,0.3,0.3) (0.5,0.4, 0.3) 


(0.5,0.1,0.3) (0.6,0.3,0.3) 


(0.5,0.5,0.3) (0.6,0.4,0.3) 


Ff Pe) : (7. As? Ly. Fs 2 (7. Aw? Ly F 4) 
3,1 F2) (Tris L045 Fis) 


(7. As? I 4.5 Fs, ) (7. Ags? I 4,9 Fs. ) 

Ps, ) (7. Ass? L4.9 F's, ) (7. Age ? Ls, 2 Fs ) 
a A 

Fig ae Ee dae.) VEE) 


(0.5,0.4,0.3) (0.6,0.4,0.4) 
(0.8,0.2,0.1) (0.6,0.2,0.3) 


(0.4,0.5,0.4) (0.7,0.2,0.4) 
(0.5,0.4,0.5) (0.6,0.5,0.4) 


Thus A is an example of square fuzzy block matrix since all the blocks considered here are themselves square 
neutrosophic soft matrices. 


4.3 Rectangular neutrosophic soft block matrix 
If the number of rows and the number of columns of blocks are unequal then the matrix is said to be 
rectangular neutrosophic soft block matrix. 


Numerical Example: 


(0.8,0.3,0.2) (0.6,0.3,0.3) 


Ares 


(0.5,0.3,0.4) (0.6,0.4, 0.4) 
(0.6,0.2,0.4) (0.5,0.3,0.2) 


(0.7,0.3,0.4) (0.6, 0.5, 0.3) 


(0.5,0.1,0.4) (0.8,0.3,0.1) 
(0.5,0.3,0.5) (0.6, 0.3, 0.2) 


The above neutrosophic block matrix is rectangular neutrosophic soft block matrix because each block is not of the 
same order. 
5. Operations on neutrosophic soft block matrices 


5.1 Addition of two neutrosophic soft block matrices 


A,, A, 


22 


be two matrices of the same order and are 


partitioned identically, then the addition of two neutrosophic soft block matrices can be defined as 
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ALBS) sii 0 sss 
A,, + By, A, + By 
5.2 Properties of addition of fuzzy block matrices 
If three neutrosophic soft block matrices are represented as 

Ay Ay By, B, Cy Ci, 
A=W He awk ps a ee and’ GS) seve’ Bo, dense 

A, Ay, By, : By Cy, Cy 
Then 
A+B=Bt+A 





A+(B+C)=(A+B+C) 
The addition of the above two block matrices will be as 


A, +B, : A,t+B, 


By, + Ay, : Byy + Ayy 


From the above it can be concluded that A+B=B+A. 
Similarly it can be proved that A+(B+C)=(A+B)+C 





5.3 Max-min operations on neutrosophic soft block matrix 
If A and B be two neutrosophic soft block matrices are represented as 


A, : Ay B, : By 


Then the product of two neutrosophic soft block matrices will be represented by 
A,B, +4pB, + Ay By + AyBy 
AB=| asks Bates 
A,B, + A,B, + A,By + AyBy 
Where each block is conformable for multiplication i.e the number of columns of one block should be equal to the 


number of rows of the other block which are taken into consideration. 
5.4 Transpose of neutrosophic soft block matrix 


1-2 2] 
By Py 


be a neutrosophic soft block matrix, then the transpose of that neutrosophic soft block matrix is defined as 
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a af a 
Bo oP. 
21 22 








Keele me eee ye 


Where 

en CE de Ee) 
fi Wea) 
a JQ tee) 

© aha) 
pr [Cee R) OLEB) 
YS Tah Coie) 
And 
pr _| Cols Fs) oe, 
22° > 


5.5 Properties of transpose of neutrosophic soft block matrix 
If A and B be two fuzzy block matrices then the following properties hold: 


(A+B) =A™+B" 


(AT! =A 
(kA)? = kA" 
Proof of (i) 


Let us consider two neutrosophic soft partition matrices as 





rist llg (Dok sds) : Pind ale Cal ele) 


Corie) (Eel sptoy) : (al ols ) aaeerey Aaerey ra) 


KP KF," 
KP," KP," 


Pi 
ied Goel (sl he) : Cael outta) L agsdc eielisa) 
and if it is denoted by 
| P P P T P T 
A=| | | then A’ -| “ 4 and so kA” -| 
LF Py Py Py 
Again 
kP, kP kP’ kP* 
-| ee | and so (kA)! -| = = 
KP,, 22 KE ke 


Hence the proposition (kA)’ = kA’ 
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T\T T\T 

cary =] (F,') 
T\T T\T 

(By) (Py) 
(P. : Vy, (P. 7 y of this partitioned neutrosophic matrix then it can easily seen that 


(Pry = PL A(PL) = = Fale) = P,, and (Pi) = =P, 


| and if we find the transposes of the elements which sub-matrices (P : es (P : y, 


Hence the proposition (A’)’ = A holds true. 


CP etal) il eal ) : lhe) Cee aha) 


(Pg ee) rasa aie pe A gh ie cadee bel cea es) 
Heyl eneFu?) (TP apsL ops Fon) 2 (TB agsE agp Fg®) (TP ngs legs Fo) 
eee a 
LQ Q» 
FitQ, : F,+Q, (Py eOi) © (Pa#O) 
ALB ois Sie andso(A+B)' =| a...  ? fe 
Py +Qy 2 Py tQy (iO. 22, a0;) 
asl Csr gorte cen Wa Caerey cere oro cc se Oe darre actry Ove mn Caras agers See | 
Bc =[{max(7,,,77,,), min apt aD) min(f7,F’,,)}, 
{max(T“ ae ii ta) min(/“ igs ies min(F4 ie F? )}] 
H,4g,y =| aE ot is smin(d",,1",)s smin(F4 ie a 
{max(T”,,, yao Y min(/*,,,/° 1), min(F3 ee a 
chee wea ae 
so CE tel ale) Fil ahs) 
ee 
{max(T“,,,7”,,),min(/“,,,/°,,),min(F3,F”,,)} 


12? 





nd Q' = 


ll 


Gi +(O,,)' -| 


12? 
Hence it can be seen that (P,+Q,,)' =P,’ +Q,," 
Similarly for the others. 


Then we have 
T T T T 
fs Fi, Fy apr = Or, 0, 
7 P T P rp | an = T T 
21 22 0», 0» 
And so 
T T T T 
Pi +Q,, Po +Q,, 


A oat =| 18 ee 
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Conclusions 

In this article, the concept of neutrosophic soft block matrices are developed and accordingly various types 
of neutrosophic soft block matrices are studied. Some operations on neutrosophic soft block matrices are also 
discussed. Thereafter some properties of neutrosophic soft block matrices are studied and it is found that 
neutrosophic soft block matrices behave in the same way as those of other block matrices that exist in the literature. 
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Abstract 


In this paper, we have define the pairwise Pythagorean Neutrosophic (for short,pairwise PN) bitopological 
spaces (with dependent neutrosophic components between T and F). We also study the Pairwise PN strongly 
irresolvable spaces .The conditions under which pairwise PN strongly irresolvable spaces become pairwise PN 
first category spaces and pairwise PN Baire spaces are also investigated. 

Keywords: PN bitopology,PN strongly irresolvablen spaces,PN Baire. 


1 Introduction 


Fuzzy sets were introduced by Zadeh [18] and he discussed only membership function. The fuzzy topology 
concept was first introduced by C.L.Chang [6] in 1968.After the extensions of fuzzy set theory Atanassov [4] 
generalized this concept and introduced a new concept called intuitionistic fuzzy set (IFS). Yager [16] famil- 
iarized the model of Pythagorean fuzzy set. 

IFS was failed to deal with indeterminate and inconsistent information which exist in beliefs system, 
therefore, Smarandache [13] in 1995 introduced new concept known as neutrosophic set(NS) which general- 
izes fuzzy sets and intuitionistic fuzzy sets and so on. A neutrosophic set includes truth membership, falsity 
membership and indeterminacy membership. In 2006, F.Smarandache introduced, for the first time, the degree 
of dependence (and consequently the degree of independence) between the components of the fuzzy set, and 
also between the components of the neutrosophic set. In 2016, the refined neutrosophic set was generalized 
to the degree of dependence or independence of subcomponents [14]. A.Kandil [9] introduced the concept of 
fuzzy bitopological spaces as a generalization of fuzzy topological spaces.Thagaraj and Balasubramanian [15] 
introduced the concept of fuzzy resolvable and irresolvable spaces.Jansi,Mohana and Florentin Smarandache 
[8] were firstly studied the concept of Pythagorean Neutrosophic sets with T and F as dependent neutrosophic 
components. 

In this paper we study the pairwise PN strongly irresolvable spaces .Also we studied the conditions un- 
der which pairwise PN bitopological strongly irresolvable spaces spaces become pairwise PN frirst category 
spaces and pairwise PN Baire spaces are investigated. 


2 Preliminaries 


Definition 2.1 (16). (Pythagorean Fuzzy Set) Let X be a non-empty set and I the unit interval [0,1]. A PF 
set P is an object having the form P = {(x, p(x), vp(x)) :  € X} where the function pp : X — [0,1] 
and vp : X —> [0,1] denote respectively the degree of membership and degree of non-membership of each 
element x € X to the set P, and 0 < (wp(zx))? + (vp(x))? < 1 foreach x € X. 


Definition 2.2 (11). Let X be a non-empty set (universe). A neutrosophic set A on X is an object of the 
form: A = {(x, T(x), a(x), Fa(x)) : & © X},Where T'4(x), La(x), F(a) € [0,1],0 < Ta(x) + La(a) + 
F(a) < 2,for all x in X. T4(x) is the degree of membership, I4(x) is the degree of inderminancy and 
F'4(a) is the degree of non-membership. Here T'4(«) and F'4(2) are dependent components and I.4() is an 
independent components. 
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Definition 2.3 (6). (Pythagorean neutrosophic sets [PN-sets](with T and F are dependent neutrosophic 
components) Let X be a non-empty set. A Pythagorean neutrosophic sets with T and F are dependent neutro- 
sophic components (PN) A = {(X,T4(a), [4(x), Fa(x) : « © X} where T4 : X > [0,1],I4: X > [0,1] 
and F'4 : X — [0,1] are the mappings such that 0 < T2 (x) + [4(x) + Fi(x) < 2 and T(x) denote the 
membership degree,J4(a) denote the Indeterminacy and F’'4(x) denote the non-membership degree.Here T 
and F are dependent neutrosophic components and I is an independent components. 


Definition 2.4 (6). Let A = (Ta, 14, Fa) and B = (Tp, Ip, Fp) be two PNs,then their operations are defined 
as follows: 

(I)A C Bif and if T4(x) < Tp(x), La(x) > Ip(ax), a(x) > Fp (a) 

(2) A= Bifandonlyif AC Band BCA 

(3) AUB= {(a,max(T4,T,,), min(La, 1), min(F'4,T,) : 2 € X} 

AAN p = {(x, min(T4, Tp), max(I4,Ip),maxr(P4,Tp): 2 € X} 

(S)AS = {(a, Fa, la, Fa): 2 € X}. 


3 PN Bitopological Spaces 


Definition 3.1. A Pythagorean neutrosophic (with T and F are dependent neutrosophic components) topology 
(PNT in Short) on X is a family p of PN-sets in X satisfying the following axioms: 


(1) Ox, 1x € p 
(2)G1 9 Go € p, for any G1, Go € p 
(3) UG; € p for any family {G;/i € J} C p.Note that 0x = (0,1, 1) and 1x = (1,0,0). 


In this case the pair (X, p) is called a Pythagorean neutrosophic sets with T and F are dependent neutrosophic 
components topological space (PNTS in Short) and any PNTS in p is known as a Pythagorean neutrosophic 
sets with T and F are dependent neutrosophic components open set (PNOS in Short) in X. 


The Complement A‘ of a PNOS A in a PNTS (X, p) is called a Pythagorean neutrosophic sets 
with T and F are dependent neutrosophic components closed set (PNCS in Short) in X. 
Definition 3.2. Let (X, p) be a PNTS and be a PN in X. Then the PN interior and closure of a PN closure are 
defined by 
PNint(A) = U{G/GisaPNOSinXandG C A} 
PNcl(A) =N{K/KisaPNCSinXandA C Kk}. 
Note that for any PN A in (X, 2), we have (PNcl(A))° = PNint(A°) and (PNint(A))° = PNcl(A°).Also,note 
that A is a PN closed set iff PNcl(A) = A and A is a PN open set iff PNint(A) = A. 


Definition 3.3. A set X on which are defined two (arbitrary)PN topologies p; and p2) is called PN bitopolog- 
ical spaces and denoted by (X, 1, p2). 

We shall write PNint,,(A) and PNcl,, (A) to mean respectively the PN interior and PN closure of PN set A 
with respect to the p; in (X, (1, p2). 


Definition 3.4. A PN-set A in a PN bitopological space (X, (1, 2) is called a pairwise PN open set if A € 
pi(t = 1, 2).The complement of pairwise PN open set in (X, 1, (2) is called a pairwise PN closed set. 


Definition 3.5. A PN-set A in a PN bitopological space (X, 1, p2) is called pairwise PN semi open set if 
AC PNint,,PNcl,,(A)(i = 1,2) and PN semi closed set if PNint,,(PNcl,,(A)) € A(i = 1,2). 


Definition 3.6. A PN-set A in a PN bitopological space (X, 1, p2) is called a pairwise PN dense set if 
PNel,, PNel,,(A) = PNel,, PNel,p,(A) = 1x in (X, pi, 2). 

Definition 3.7. A PN-set A in a PN bitopological space (X, pi, p2) is called pairwise PN nowhere dense 

if PNint,, PNcl,,(A) = PNint,,PNel,,(A) =0x 

in (X, Pls p2): 
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Definition 3.8. Let (X, p1, 02) be a PN bitopological space.A PN-set A in (X, /1, p2) is called a pairwise PN 
first category set if A = U2, (A;), where (A;)’s are pairwise PN nowhere dense sets in (X, p1, p2).Any other 
PN set in (X, p1, P2) is said to be a pairwise PN second category set in (X, (1, p2). 


Definition 3.9. If A is a pairwise PN first category set in a PN bitopological space (X, 1, 2), then the PN 
A‘ is called a pairwise PN residual set in (X, 1, p2). 


Definition 3.10. A PN-set A ina PN bitopological space (X, 1, 2) is called pairwise PN F7,-set in (X, 1, p2) 
if A = U3, (Ai) where (A;)° € p;. 


Definition 3.11. A PN-set A ina PN bitopological space (X, 01, 2) is called pairwise PN G';-set in (X, 1, p2) 
if A = (72, (Ai) where A; € p; . 


Definition 3.12. A PN bitopological space (X, p1, p2) is called pairwise PN first category space if the PN set 
1x is a pairwise PN first category set in (X, p1, p2).That is, ly = U2, (Ai), where A;’s are pairwise PN 
nowhere dense sets in (X, p1, P2). 

Otherwise (X, 1, p2) will be called a pairwise PN second category space. 


Theorem 3.13. Let (X, 01, 02) be a pairwise PN strongly irresolvable space.Then, A is a pairwise PN dense 
set in (X, 01, P2), if and only if (A‘) is a pairwise PN nowhere dense set in (X, (1, (2). 


Proof. Let A be a pairwise PN dense set in (X, 21, p2).Since (X, 1, P2) is a pairwise PN strongly irresolvable 
space PNcl,, PNint,,(A) = 1x = PNel,, PNint,, (A). 

This implies that (PNcl,, PNint,,(A))° = 0x = (PNelp,PNint,,(A))°. 

Therefore PNint,,PNcl,,(A°) = 0x = PNint,,PNcl,,(A°) and hence A® is a pairwise PN nowhere 
dense set. 














Theorem 3.14. Let (X, 01, 92) be a pairwise PN dense and pairwise PN G'5-set in a PN bitopological space 
(X, p1, 92), then (A°) is a pairwise PNs o-nowhere dense set in (X, 1, p2). 


Proof. Let (X, p1, p2) be a pairwise PN dense and pairwise PN G's-set in a PN bitopological space (X, 1, p2) 
Then PNely, PNelp,(A) = PNelp,PNelp,(A) = 1x. 

This implies that 

(PNelp, PNely,(A))° = (PNelp, PNelp, (A))° = 0x 

and hence we have PNint,, PNint,,(A°) =0x = PNint,, PNint,,(A°). 

Also, since A is a pairwise PN G'5-set,A° is a pairwise PN F’,-set in (X, 91, p2).Hence A‘ is a pairwise PN 
F,-set in (X, p1, p2) such that PNint,, PNint,, (A°) = 0x = PNint,, PNint,, (A°). 
Thus (A°) is a pairwise PNs o-nowhere dense set in (X, p1, p2). 














4 Pairwise PN Strongly Irresolvable Spaces 


Definition 4.1. A PN bitopological space (X, p1, p2) is said to be a pairwise PN strongly irresolvable space 
if PNcl,, PNint,,(A) = 1x = PNcl,, PNint,, (A), for each pairwise PN dense set A in (X, 91, p2).That 
is, (X, 1, 2) is a pairwise PN strongly irresolvable space if 

PNel,, PNel,,(A) = 1x = PNcl,, PNcl,, (A) for a PN-set A in (X, p1, p2), then 

PNel,, PNint,,(A) = 1x = PNel,,PNint,, (A) in (X, p1, pa). 


Theorem 4.2. Let (X, 1, 2) be a pairwise PN strongly irresolvable space.Then, A is a pairwise PN dense 
set in (X, 01, P2), if and only if (A) is a pairwise PN nowhere dense set in (X, (1, p2). 


Proof. Let A be a pairwise PN dense set in (X, /1, p2). 

Since (X, p1, 2) is a pairwise PN strongly irresolvable space 

PNel,, PNint,,(A) = 1x = PNel,, PNint,, (A). 

This implies that (PNcl,, PNint,,(A))° = 0x = (PNelp,PNint,,(A))°. 
Therefore PNint,,PNcl,,(A°) = 0x = PNint,,PNcl,,(A°) and hence A° is a pairwise PN nowhere 
dense set. 














Theorem 4.3. Let (X, 91, 92) be a pairwise PN dense and pairwise PN G'5-set in a PN bitopological space 
(X, P1, 02), then (A‘) is a pairwise PNs o-nowhere dense set in (X, (1, p2). 
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Proof. Let (X, p1, p2) be a pairwise PN dense and pairwise PN G's-set in a PN bitopological space (X, 1, p2) 


Then PNel,, PNelp,(A) = PNelp,PNelp, (A) = 1x. 

This implies that 

(PNel,, PNel,,(A))° = (PNely,PNelp, (A))© = 0x and 

hence we have PNint,, PNint,,(A°) =0x = PNint,, PNint», (A°). 

Also, since A is a pairwise PN G55-set,A° is a pairwise PN F7,-set in (X, p1, p2). 
Hence A‘ is a pairwise PNs F’,-set in (X, p1, p2) such that 
PNint,,PNint,,(A°) =0x = PNint,, PNint,, (A°). 

Thus (A°) is a pairwise PN o-nowhere dense set in (X, (1, p2). 














Proposition 4.4. If PNint,,(B) = 0x(i = 1,2) for a PN-set B in a pairwise PN strongly irresolvable space 
(X, P1, 02), then B is a pairwise PN nowhere dense set in (X, /1, p2). 


Proof. Let B be a PN-set in (X, 91, p2) such that PNint,,(B) = 0x 

(i = 1,2). 

Then, PNint,, PNint,,(B) = PNint,, (0x) =0x and 

PNint,, PNint,,(B) = PNint,, (0x) = 0x in (X, p1, po). 

Then, we have (PNint,, PNint,, (B))° = 1x and 
(PNint,,PNint,,(B°) = 1x and 

hence PNcl,, PNcl,,(B°) = 1x and PNel,, PNcl,,(B°) = 1x. 

That is, B° is a pairwise PN dense set in (X, (1, p2). 

Since (X, p1, P2) is a pairwise PN strongly irresolvable space, 

PNel,, PNint,,(B°) =1x = PNel,, PNint,,(B°), for the pairwise PN dense set B° in (X, p1, p2). 
Then, we have (PNcl,, PNint,,(B°))° = 0x and 

(PNel,, PNint,, (B°))° = 0x and hence PNint,, PNcl,,(B) = 0x and 
PNint,, PNcly,(B) = 0x. 

Therefore B is a pairwise PN nowhere dense set in (X, /1, p2). 














Proposition 4.5. If (X, 91, p2) is a pairwise PN strongly irresolvable space if PNcl,, PNint,,(A) # 1x and 
PNel,,PNint,,(A) # 1x foraPN Ain (X, pi, p2), then PNel,, PNel,, # 1x and PNel,, PNel), (A) # 
ly in (X, P1, P2)- 


Proof. Let PNcl,, PNint,,(A) 4 1x and PNecl,, PNcl,,(A) # 1x, fora PN-set A in the PN bitopological 
space (X, 1, p2). 

Suppose that PNcl,, PNcl,,(A) = 1x and 

PNel,, PNelp,(A) = 1x in (X, p1, p2). 

Since (X, /1, P2) is a pairwise PN strongly irresolvable 

space,PNcl,, PNcl,,(A) = 1x and PNcl,, PNcl,,(A) = 1x in (X, p1, p2), will imply that 
PNcl,, PNint,,(A) = 1x and PNcl,, PNint,,(A) = 1x 

in (X, ~1, p2),a contradiction to the hypothesis. 

Hence we must have PNcl,, PNcl,,(A) # 1x and 

PNel,, PNelp,(A) # 1x in (X, p1, p2). 














Proposition 4.6. If PNint,, PNcl,,(A) # 0x and PNint,, PNelp, 
# Ox, for a PN A in a pairwise PN strongly irresolvable space (X, 1,2), then PNint,, # Ox and 
PNinty, (A) fa Ox in (X, Pl; p2): 


Proof. Suppose that PNint,,(A) = 0x and PNint,,(A) = 0x for a PN-set A in a pairwise PN strongly 
irresolvable space (X, (1, p2). 

Then, (PNinty, PNint,,(A))° = (PNint,, (0x))° = 1x and 

(PNint,, PNint,, (A))° = (PNint,, (Ox))° = 1x. 

Then PNel,, PNel,,(A°) = 1x and PNely,PNelp, (A°) = 1x. 

Hence (A°) is a pairwise PNs dense set in (X, p1, p2).Since (X, 1, p2) is a pairwise PN strongly irresolvable 
space, PNcl,, PNint,,(A°) = 1x and PNcl,, PNint,, (A°) = 1x. 

Then, we will have (PNint,, PNcl,,(A))° = 1x and 
(PNint,,PNel,,(A))° = 1x and 

hence PNint,, PNcl,,(A) = 0x and 

PNint,,PNel,, (A) = 0x, a contradiction. 

Hence we must have PNint,, #4 0x and PNint,,(A) A Ox in (X, p1, p2). 
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Theorem 4.7. If A is a pairwise PN o-nowhere dense set in a pairwise PN strongly irresolvable space 
(X, 1, 22), then A is a pairwise PN nowhere dense set and pairwise PN F,-set in (X, 1, p2). 


Proof. Let A be a pairwise PN o-nowhere dense set in (X, (1, p2). 
Then ,A is a pairwise PN F,-set in (X, p1, p2). 

Since PNinty, PNint,,(A) =0x = PNint,,PNint,, (A). 
Then (PNint,, PNint,,(A))° = 1x = (PNint,,PNint,,(A))¢ implies that PNel,, PNel,,(A°) = 

lx = PNel,, PNelp, (A°). 

Hence,(A°) is a pairwise fuzzy dense set in (X, 01, 92). Since (X, pi, p2) is a pairwise fuzzy strongly irre- 

solvable space, for the pairwise fuzzy dense set (A°) in (X, 1, p2),we have 

PNel,, PNintp,(A°) = 1x = PNely,PNint,, (A°). 

Then (PNint,, PNcl,,(A))° = 0x = (PNint,, PNel,,(A))° implies that PNint,, PNcl,, (A) and PNint,, PNel,, (A) = 
Ox. 

Therefore A is a pairwise PN nowhere dense set and pairwise PN F;,-set in (X, (1, (2). 














Proposition 4.8. If A is a pairwise PN o-nowhere dense set in a pairwise PN strongly irresolvable space 
(X, P1, 02), then A is a pairwise PN semi closed set in (X, p1, p2). 


Proof. Let A be a pairwise PN o-nowhere dense set in a pairwise PN strongly irresolvable space (X, p1, p2).Then, 
by theorem 4.7, A is a pairwise PN nowhere dense set in (X, 91, p2) and hence PNint,, PNcl,, (A) 
= 0x and PNint,, PNel,, (A) = 0x. 

Then, we have PNint,, PNcl,,(A) € A and 

PNint,,PNelp,(A) C A. 

Therefore A is a pairwise PN semi-closed set in (X, (1, p2). 














Proposition 4.9. If A is a pairwise PN dense and pairwise PN G‘5-set in a pairwise strongly irresolvable space 
(X, p1, 22), then A is a pairwise PN semi-open set in (X, 1, p2). 


Proof. Let A be a pairwise PN dense and pairwise PN G5-set in (X, p1, p2). 

Then, by theorem 4.3, (A°) is a pairwise PN o-nowhere dense set in (X, 1, p2). 
Since (X, /1, 2) is a pairwise PN strongly irresolvable space, by proposition 4.8, (A‘) is a pairwise PN 
semi-closed set in (X, p1, 92)-Hence A is a pairwise PN semi-open set in (X, (1, p2). 














Proposition 4.10. If A; C (A;)°(i # j), where A; is a pairwise PN dense set in a pairwise PN strongly 
irresolvable space (X, 1, p2), then A; is a pairwise PN nowhere dense set in (X, p1, p2). 


Proof. Let A; be a pairwise PN dense set in (X, (1, p2). 

Since (X, 1, P2) is a pairwise PN strongly irresolvable space, for the pairwise PN dense set A;, we have 
PNel,, PNint,,(A;) = 1x and PNed,, PNint,, (Aj) = 1x. 

Now A; C (A;)°(i ¥ j) implies that 

PNel,, PNint,, (Ai) C PNel,, PNint,, ((A;)°) and 

PNel,, PNint,,(A;) C PNel,, PNint,, (A;)°. 

Then, we have 1x C PNcl,, PNint,,(A,;)° and 

lx C PNel,, PNint,,(A;)° . 

That is, PNcl,, PNint,, ((A;)°) = 1x and 

PNel,, PNint,, ((Aj)°) = 1x. 

Hence, PNint,, PNcl,,(A;) = 0x and PNint,, PNel,,(A;) = Ox. 
Therefore A, is a pairwise PN nowhere dense set in (X, 91, p2). 














Definition 4.11. A PN bitopological space (X, 1, p2) is called a pairwise PN o-Baire space 
HPN Ae (Ag) ) = Ox = 1,2) 
where A;,’s are pairwise PN o-nowhere dense sets in (X, /1, p2). 


Proposition 4.12. If (X, 1, 02) is a pairwise PN strongly irresolvable space and pairwise PN o-Baire space, 
then PNel,,((Q\p_,(Be)) = 1x (i = 1,2) where B;,’s are pairwise PN semi-open sets in (X, p1, 2). 


Proof. Let (X, 1, P2) be a pairwise PN strongly irresolvable space and pairwise PN o-Baire space.Let A;.’s 
be pairwise PN c-nowhere dense sets in (X, p1, P2).Since (X, p1, P2) is a pairwise PN o-Baire space, 
PNinty, (Up) (Ar)) = Ox, (¢ = 1,2) where A;’s are pairwise PN o-nowhere dense sets in (X, /1, p2). 
Then, (PNintp, (Ups (Ae)))° 

= 1y.This implies that PNcl,,(Q;, ((Ax)°)) = Lx.By proposition 4.8, the pairwise PN o-nowhere dense 
sets A;’s in the pairwise PN strongly irresolvable space (X, 1, 2), are pairwise PN semi-closed sets in 
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(X, p1, e2) and hence ((A;)°)’s are pairwise PN semi-open sets in (X, p1, 92).Let By, = (Ax)°-Hence we 
have PNel,, (Mp, (Br)) = Lx, (i = 1,2), where B;,’s are pairwise PN semi-open sets in (X, p1, p2). 














Definition 4.13. A PN bitopological space (X, 1, p2) is called a pairwise PN Baire space if 
PNintp, (Up—1(Ag)) = 0x, (i =1, 2) 
where A;,’s are pairwise PN nowhere dense sets in (X, (1, p2). 


Proposition 4.14. If A; C (A,;)°(i # j), where A; is a pairwise PN dense set in a pairwise PN strongly 
irresolvable space (X, 1, p2) and if 
PNelpnp, (x1 (Ai)) = 1x (k = 1, 2), then (X, p1, p2) is a pairwise PN Baire space. 


Proof. Let A; © (A;)°(i # j), where A; is a pairwise PN dense set in a pairwise PN strongly irresolvable 
space (X, (1, p2).Then, by proposition 4.10, A;’s are pairwise PN nowhere dense sets in (X, pi, p2).Now A; C 
(A;)°, implies that PNel pp, (Mai (Ai)) © PNel pnp, (Nja1 ((As)°))- Then we have 1x C PNelpnp, (Mai ((As)%)) 
and hence ly C (PNintpnp,(Uj21(A;)))°-This implies that PNintpy,(Uj21(A;)) C Ox-That is, 
PNint pnp, (Mja1(Aj)) = Ox. Hence PNint pyp, (Uj—1(Aj)) = 0x, where A;’s are pairwise PN nowhere 
dense sets in (X, (1, 2), implies that (X, p1, p2) is a pairwise PN Baire space. 














Proposition 4.15. If PNcl,,((\p2,(Ax) = 1x(i = 1,2) where A;’s are pairwise PN dense and pairwise 
PN G,,-sets in a pairwise PN strongly irresolvable space (X, ¢1, p2), then (X, pi, p2) is a pairwise PN Baire 
space. 


Proof. Now PNelp,((\p_,(Ax)) = Lx (i = 1, 2),implies that 
PNinty, (Up, ((Ax)°)) = 0x-Since A;,’s are pairwise PN dense and pairwise PN G’,-sets in a pairwise PN 
strongly irresolvable space (X, pi, p2), by theorem 4.3 , ((A,)°)’s are pairwise PN c-nowhere dense sets in 
(X, p1, P2)-Also, by theorem 4.7, ((A;)°)’s are pairwise PN nowhere dense sets in (X, (1, p2). 

Hence PNint,y,(Up21((Axn)%)) = Ox, where ((A;,)°)’s are pairwise PN nowhere dense sets in (X, p1, 2), 
implies that (X, p1, 92) is a pairwise PN Baire space. 














Definition 4.16. A PN bitopological space (X, 1, p2) is a pairwise PN almost resolvable space if U7, (Ax) = 
1x, where A,’s in (X, 1, 92) are such that 

PNint,, PNint,, (Ar) = PNint,,PNinty, (Ap) = Ox. 

Otherwise (X, ~1, p2) is called a pairwise PN almost irresolvable space. 


Theorem 4.17. If a PN bitopological space (X, 01, 2) is a pairwise PN second category space, then (X, (1, p2) 
is a pairwise PN almost irresolvable space. 


Proof. Let (X, p1, pz) be a second category space.Then, );~, (Ai) # 1x,where A;’s are PN nowhere dense 
sets in (X, p1, p2).That is, U7? , (Ai) # 1x,where PNint,, PNcl,,(Ai) =0x = PNint,, PNecl,, (Ai), 
Now, PNint,, PNint,, (Ai) C PNint,, PNcl,,(A;) and 

PNint,, PNint,, (Ai) C PNint,, PNelp, (Ai), 

implies that PNint,, PNint,, (Ai) = 0x and 

PNint,, PNint,, (A;) = Ox. 

Hence )°, (Ai) 4 1x, where PNint,, PNint,, (Ai) = 0x 

and PNint,, PNint,,(A;) = 0x and therefore (X, 91, p2) is a pairwise PN almost irresolvable spaces. 














Proposition 4.18. Let the PN bitopological space (X, p1, p2) be a pairwise PN strongly irresolvable space.Then, 
we have the following: 


(i) (X, p1, P2) is a pairwise PN almost irresolvable space, then (X, p1, 2) is a pairwise PN second cate- 
gory space. 
(ii) (X, p1, p2) is a pairwise PN almost resolvable space, then (X, 1, 2) is a pairwise PN first category space. 


Proof. (i) Let (X, p1, 2) be a pairwise PN almost irresolvable space. 

Then, U7, (Ax) 4 Lx, where A;’s in (X, pi, p2) are such that 

PNint,, PNint», (Ax) = PNint,, PNint», (Ap) = Ox. 

Now, (PNint,, PNint,,(Ax))® = 1x and 

(PNint,,PNint,,(Ag))° = 1x. 

Then, PNel,, PNely,((Ag)°) = 1x and PNel,, PNcl», ((Ax)°) = 1x and 

hence ((A,)°)’s are pairwise PN dense sets in (X, (1, p2). 

Since (X, 1, p2) is a pairwise PN strongly irresolvable space, for the pairwise PN dense set A;, we have 
PNel,, PNint,,((Ag)°) = Lx and PNel,, PNint,, ((Ag)°) = 1x. 
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This implies that PNint,, PNecl,, (Ax) = PNint,, PNclp, (Ar) 

= 0x and hence A;’s are pairwise PN nowhere dense sets in (X, (1, p2). 

Thus, U7, (Ax) 4 1x, where A;,’s are pairwise PN nowhere dense sets in (X, 1, P2), implies that (X, p1, p2) 
is a pairwise PN second category space. 


(ii) Let (X, p1, p2) be a pairwise PN almost resolvable space. 

Then, U7, (Ax) = Lx, where A;’s in (X, pi, p2) are such that 
PNint,,PNint,,(Ar) = PNint,, PNint,, (Ar) = Ox. 

Now, (PNint,, PNint,,(Ax))° = Lx and 

(PNint,, PNint,, (Ax))° = 1x. 

Then, PNel,, PNelp,((Ax)°) = 1x and PNel,, PNcl,, ((Ag)°) = 1x and 
hence ((A;,)°)’s are pairwise PN dense sets in (X, 91, 92).Since (X, pi, p2) is a pairwise PN strongly irresolv- 
able space, for the pairwise PN dense set Az, we have 

PNel,, PNinty,((Ag)°) = 1x and PNel,,PNint,, (Ag)° = 1x. 

This implies that PNint,, PNcl,,(Ax) = PNint,, PNelp, (Ax) 

= 0x and hence A;’s are pairwise PN nowhere dense sets in (X, (1, p2). 

Thus, U7, (Ax) = Lx, where A;,’s are pairwise PN nowhere dense sets in (X, p1, p2), implies that (X, p1, pe 
is a pairwise PN first category space. 














Theorem 4.19. If 7°, (Ax) = Lx, where s A;,’s are pairwise PN o-nowhere dense sets in a PN bitopological 
space (X, 01, (2), then (X, pi, p2) is a pairwise PN almost resolvable space. 


Definition 4.20. A PN bitopological space (X, p1, p2) is called pairwise PN o-first category space if the PN 
1x is a pairwise PN o-first category set in (X, p1, p2).That is, 1x = U7, (Ai), where A;’s are pairwise PN 
o-nowhere dense sets in (X, p1, P2)-Otherwise, (X, 91,2) will be called a pairwise PN o-second category 
space. 


Proposition 4.21. If (X, 1, p2) is a pairwise PN strongly irresolvable and pairwise PN o-first category space, 
then (X, 1, 2) is a pairwise PN first category space. 


Proof. Let (X, p1, P2) be a pairwise PN o-first category space. 

Then, U7, (Ax) = Lx, where A;,’s are pairwise PN o-nowhere dense sets in (X, p1, p2)- 
Since (X, (1, P2) is a pairwise PN strongly irresolvable space, by theorem 4.7, then A,;’s are pairwise PN 
nowhere dense sets in (X, (1, P2). 
Hence Ur (Ar) = lx, where the A;’s arepairwise PN nowhere dense sets in (X, 1, ?2), implies that 
(X, 1, P2) is a pairwise PN first category space. 














Proposition 4.22. If (X, ¢1, 2) is a pairwise PN Baire and pairwise PN strongly irresolvable space, then 
PNelp, (Np (Az)) = Lx (i = 1,2) where B;,’s are pairwise PN dense in (X, p1, p2). 


Proof. Let (X, p1, 92) be a pairwise PN Baire space. 
Then, PNinty, (Up, (Ag)) = Ox, (i = 1,2), where A;,’s are pairwise PN nowhere dense sets in (X, p1, 2). 
Since A,’s are pairwise PN nowhere dense sets in (X, 1, p2),by theorem 4.2, (A;)°’s are pairwise PN dense 
sets in (X, (1, P2). 

Now PNint,, (Up, (Az)) = Ox, implies that (PNint,, (Uz, (Ag)))® = Lx. 

Then, we have PNel,,((p_,(Ax)°) = Lx-Let (Ax)° = Br. 

Then PNel,,((p,(Br)) = 1x, where B;,’s are pairwise PN dense sets in (X, p1, 92). 
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Abstract 


Neutrosophic overset, neutrosophic underset and neutrosophic offset introduced by Smarandache 
are the special kinds of neutrosophic sets with values beyond the range [0,1] and these sets are 
pragmatic in nature as it represents the real life situations. This paper introduces the concept of 
saturated refined neutrosophic sets and extends the same to the special kinds of neutrosophic sets. 
The proposed concept is applied in decision making on Teacher’s adaptation to cybergogy. The 
decision making environment is characterized by different types of teachers, online teaching 
skills and various training methods. Fuzzy relation is used to match the most suitable method to 
the different kinds of teachers with the intervention of saturated interval valued neutrosophic 
refined oversets, offsets and undersets. The results obtained by applying the notion of saturated 
refined sets using various distance measures represent the effect of training methods on teacher’s 
adaptation to learner-centred teaching methods, which certainly give space to gain many insights 
on the relationship between quality of training and teacher’s adaptation rate. The proposed 
concept has wide scope and few limitations. 


Keywords: neutrosophic oversets, neutrosophic offsets, neutrosophic offsets, refined sets, 
saturated, interval-valued sets, cybergogy 


1.Introduction 


Decision making is an indispensable activity but the environment is highly characterized with uncertainty. The concept 
of fuzzy set introduced by Lofti.A.Zadeh [1] plays a vital role in tackling such uncertain and imprecise situations. 
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Fuzzy sets differ from crisp sets by membership functions and membership values. The elements of crisp sets contain 
binary membership values i.e either | or 0, it doesn’t deal with intermediate values. Fuzzy sets overcome this short 
coming with the inclusion of intermediate values and extending the range of values from {0,1} to [0,1]. Fuzzy sets are 
highly comprehensive and inclusive in nature. Fuzzy sets are extensively used to handle complex systems and control 
as these sets possess high rate of industrial applications. Fuzzy sets are extended to intuitionistic sets by Atanssov[2] 
with the introduction of non-membership function to membership function. The elements of intuitionistic sets possess 
both membership and non-membership values ranging from [0,1]. The hesitancy margin is calculated by subtracting 
the sum of membership and non-membership values from 1. In intuitionistic sets the hesitancy margin is dependent 
on membership and non-membership values. Intuitionistic sets and various forms of it are widely used in multiple 
attribute decision making. Khan et al [3] used Interval-valued Pythagorean fuzzy GRA method for multiple-attribute 
decision making with incomplete weight information. Zhuosheng Jia et al[4] used interval valued intuitionistic fuzzy 
sets in multiple attribute group decision making method TOPSIS. Intuitionistic sets are further extended to 
neutrosophic sets by Smarandache[5] and these sets have truth membership functions, indeterminacy functions and 
non-membership functions. The elements of neutrosophic sets are triplets with independent truth, indeterminacy and 
false membership values ranging from [0,1]. Neutrosophic sets are widely used in multiple attribute decision making. 
Abdel-Baset et al [6,7] developed multi criteria decision making method with neutrosophic representation in 
evaluating green supply chain management practices and in sustainable supplier selection. Hu et al [8] also contributed 
to neutrosophic decision making on the selection of doctors.Nada A. Nabeeh et al [9] proposed a hybrid approach of 
neutrosophic with MULTIMOORA in application of personnel selection. Ajay et al [10] developed the single -valued 
triangular neutrosophic approach of decision making on multi objectives based on ratio analysis.Sahidul Islam et al 
[11] formulated neutrosophic goal programming approach to a green supplier selection model with quantity discount. 
Mullai.M et al [12] used neutrosophic intelligent energy efficient routing for wireless ad-hoc network based on multi- 
criteria decision making. Abdel Nasser et al [13] proposed an integrated neutrosophic and TOPSIS for evaluating 
airline service quality. Neutrosophic hypersoft sets are also used in decision making. Muhammad Saqlain et al [14] 
presented the applications of neutrosophic hypersoft sets in TOPSIS using accuracy function. Surapati et al[15] 
developed Multi-level linear programming problem with neutrosophic numbers. Ajay et al [16,17] discussed decision 
making techniques based on bipolar neutrosophic sets, neutrosophic cubic fuzy sets , Chakravarthy et al [18,19] 
expounded the implications of cyclindrical and pentagonal neutrosophic numbers in networking and mobile 
communication respectively . Deli et al [20,21] proposed multi attribute decision making models based on weighted 
geometric operators and two centroid point for single valued triangular neutrosophic number. Neutrosophic graphs 
are also widely used in decision making. Juanjuan et al [22] developed a multi attribute decision making model using 
single valued neutrosophic graphs. Dragisa et al [23] proposed a novel approach of assessing the reliability of the data 
in decision making. Shahzaib et al [24] framed a decision making model to select agroculture land using neutrosophic 
information. Muhammad et al [25] developed auto car decision making model using Bipolar Neutrosophic Soft Sets. 
Philippe [26] has also discussed the neutrosophical representations in cognitive dimension. The neutrosophic sets are 
extensively applied in multi criteria decision making. 


Smarandache [27] introduced neutrosophic oversets, offsets and undersets which are the special kinds of neutrosophic 
sets with values beyond [0,1]. Overset is characterized with membership values greater than 1, underset is 
characterized with membership values less than 0 and the combination of both these sets is offset. Smarandache 
justified the practical implications of these special kinds of sets with real life illustrations. These kinds of neutrosophic 
sets highly influenced and motivated us to propose a fuzzy relational decision making model with saturated refined 
interval- valued neutrosophic oversets, undersets and offsets based on application of refined neutrosophic sets in 
medical diagnosis by Deli et al [28]. Smarandache conceptualized n-valued refined neutrosophic sets and these sets 
are used in decision making model of medical diagnosis. Broumi [29] extended the model of Deli et al by applying 
correlation measure. Various distance measures are used to make optimal decisions without changing the neutrosophic 
representations. In their model relation between symptoms and diseases was represented by neutrosophic sets; relation 
between patients and symptoms was represented by refined neutrosophic sets over certain interval period of time. In 
this decision making model the representation of the symptoms of the patients varies from time to time. But on 
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profound analysis, the effects of treatment on the status and the degree of symptoms lack representation. This deficit 
in the decision maing model paved the way for developing a novel decision making model with new kind of 
representations. The same model is extended to fuzzy relation decision making model on teacher’s adaptation to 
cybergogy in this research work. A relation between digital teaching skills and training methods is represented by 
neutrosophic sets and the relation between different kinds of teachers and the acquisition of digital skills after 
continuous stages of training is represented by refined neutrosophic oversets, undersets and offsets. Such kinds of 
representations are made to reflect the impact of training on skill acquisition rate by the teachers. The degree of digital 
skill acquisition by the teacher greatly depends on the personal interest, trainer’s approach and training environment. 
The self- interest of the teachers may induce them to spend additional time other than the specified training time; also 
the disinterest of the teachers or dislike of trainer’s approach may make them to refrain from the training and their 
participation rate is disturbed. At such circumstances refined neutrosophic oversets, underset and offset are used to 
represent such impacts. Also a new concept of saturated refined sets is introduced in this paper. The refined 
neutrosophic overset, underset and offset values remain to settle to a particular value over a consecutive period of time 
then it is called as saturated. The existences of situations where the degree of digital skill acquisition is confined and 
attained the maximum value and also there is no chance of further change over a period of training can be represented 
by saturated refined neutrosophic sets. The apt method of training to different kinds of teachers is determined by using 
hamming distance, normalized hamming distance, Euclidean distance and normalized Euclidean distance measures. 
The practical implications of neutrosophic overset, underset and offset are not explored to the best of the knowledge 
and so this research work will certainly fill the gap and it is intended to do so. 


The paper is organized as follows: section 2 presents the basic definitions; section 3 describes about saturated 
refined neutrosophic sets; section 4 consists of the application of the proposed model; section 5 discusses the results 
and the last section concludes the work. 

2. Preliminaries 

Definition 2.1 [27] 

Let X be an universe of discourse, A neutrosophic set A in X is expressed by A={< X; T,(x), 1,(x), Fy(x) >/x € 
X}and T,I,F:X—]0:1°[ where T,I,F are the degree of membership(True), the indeterminacy and degree of non- 
membership(False) respectively, and 0S T,(x) + Iy(x) + F(x) S 3. 

Definition 2.2 [27] 

Let X be the universe of discourse with a generic element in X is denoted by x. An interval valued neutrosophic set 
(IVNS) A in X is defined by A={ x,<[TE(x), TP (x)], U4 (x), LZ (x)], [FE (x), FY (x)] >; x € X} 

where T,, [,, F, are the truth membership function, indeterminacy membership function, falsity membership function 
respectively.For each point x in X, We have [T} (x), TY (x)], 4 (x), 12) [FE x), EY (x)]S[0,1] with the condition 
Os TY(x) + 19 (x) + EP (x) S 3. 


Definition2.3 [27] 
Let U be a universe of discourse. A neutrosophic refined set (NRS) A on U can be defined as follows 
A={<x,<Td (x), TH (x) «.. TA (x)), 40), 2 (x) «TR (20)), Ft Oc) FR (x) «FR (x) > x € U} and 
O< Ti(x) + Hix) + Fi(x) < 3,@ = 1,2... P)andT} (x) < T2(x) < + < TP(x) for any 
x €AT(x), Ii(x), Fi(x),i = 1,2 ... Pis the truth membership sequence,indeterminancy membership sequence and 


falsity membership sequence of the element x respectively. 
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Definition 2.4 [27] 
Let U be the universe of discourse. A neutrosophic set A; in U which consist the membership function 
T(x),I(x),F(x) that define true, Indeterminacy and falsity respectively, of a generic element xeE U, 
T, (x), I4(x), Fx): U — [0, p]where 0 < 1 < 9, and ¢ is called over limit. 
A single valued neutrosophic over set A; is defined as 
Ai={x,<T, (x); I, (x); F,(&)>x€ U} such that in the neutrosophic components contains there exist atleast one 


element in A; is >1 and no element is < 0. 


Definition 2.5[27] 
Let U be the universe of discourse. A neutrosophic set Az in U which consist the membership function T(x), I(x), 
F(x) that define true, Indeterminacy and falsity respectively, of a generic element x€ U, 
T(x), 1,(x), Fy (x): U > [W, 1]where w < 0 < 1, and yw is called under limit. 
A single valued neutrosophic underset A2 is defined as 
As={x,<Ta(x); [4 00); Fa x) >x€ U} 
such that in the neutrosophic components contains there exist atleast one element in Az is <0 and no element is >1 
Definition 2.6 [27] 
Let U be the universe of discourse. A neutrosophic set A3 in U which consist the membership function T(x), I(x), F(x) 
that define true, Indeterminacy and falsity respectively, of a generic element x€ U, 
T(x), I4(x), Fy(x): U > [W, p]where W < 0 <1 <9,and y is called under limit while @ is called over 
limit, T,(x),I,(x), Fy(x) € [w, @].The neutrosophic single-valued offset A3 is defined by 
A3= {x, <T, (x); I,(x); F,(x)> x€ U} such that in the neutrosophic components contains there is atleast one 


element is >1 and atleast another is < 0. 


Definition 2.7 [27] 
Let U be the universe of discourse. A neutrosophic set A; in U which consist the membership function T(x), I(x), F(x) 
that define true, Indeterminacy and falsity respectively, of a generic element x€ U, 

T, (x), 1,(x), F(x): U > P([0, p])where 0 <1 < 9, and ¢ is called over limit, 
T(x), 1, (x), Fa(x) © [0, ~], and P([0, ~]) is the set of all subsets of [0, y].An interval valued neutrosophic overset 
Az is defined as Aj={x,<T,(x); I,(x); F,(x)>xe€ U} such that in the neutrosophic component contains there is atleast 


one is partially or totally above | and no element has partially or totally below 0. 


Definition 2.8 [27] 
Let U be the universe of discourse. A neutrosophic set Az in U which consist the membership function T(x), I(x), F(x) 
that define true, Indeterminacy and falsity respectively, of a generic element x€ U, 


T, (x), I, (x), Fax): U > P([y, 1] where w < 0 < 1, and w is called under limit. 
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T(x), 1, (x), Fy(x) © [w, 1], and P([, 1]) is the set of all subsets of [, 1].An interval valued neutrosophic overset 
Ao is defined as Ao={x,<T, (x); I, (x); F,4()>x€ U} such that in the neutrosophic component contains there is atleast 


one is partially or totally below 0 and no element has partially or totally above 1. 


Definition 2.9 [27] 
Let U be the universe of discourse. A neutrosophic set A3 in U which consist the membership function T(x), I(x), F(x) 
that define true, indeterminacy and falsity respectively, of a generic element x€ U, 

T, (x), [4(x), F(x): U > Pl, p]where W <0 <1 < g,and y is called under limit while @ is called over 
limit, T, (x), 1,(x), F(x) & P [yW, g] and P [y, ¢] is the set of all subsets of [y, —] 
An interval valued neutrosophic offset A3 is defined as A3 = {x, <7, (x); 1,(x); F,(x)> x€ U} such that in the 
neutrosophic components contains atleast one is partially or totally above | and atleast another is partially or totally 
below 0. 
Definition: 2.10 [17] 
Let A,B € IVNRS(U).Then 
1.Hamming distance between A and B is denoted as dy(A,B) and is defined by 


Pon 
1 
dy (A,B) = =), Y.dtk@d — T3 (x + IT Ca) — Te Cd + WA Ci) — Te 1 + Ue) — Ts) 


j=l i=l 
+ [FA (xi) — Fe) | + [EY Ge) — Fe | 
2.Normalized hamming distance between A and B is denoted as dnu(A,B) and is defined by 


n 


P 
1 
dy(A,B) = 5 DD (ITEC) ~ THDI + ITH Ged ~ TE DI + WAG — GI + EG) ~ GDI 


j=1 i=1 


+ [Fa e) — FRG + LE) — FE Ga 


3.Euclidean distance between A and B is denoted as dg(A,B) and is defined by 


Pon 


dg(A,B) ==) {UME — TED + ITF Ge) — TH DE + UD — GDP + I) — dP 


j=1 i=1 


+ [FE ) — FEODI? + EY Oe) — FY ODD 


4.Normalized Euclidean distance between A and B is denoted as dne(A,B) and is defined d,(A,B) = 


—— yy 1 ur: {CIT (x;) ~ Ty (x;)|? + IT (x;) ~ Ty (x;)|? + [Ia (x;) ~ Ib (x)? + [i (x;) -_ Ip (x) |? ot [Fy (x;) = 


6nP 


FED? + [EY — FU DD! 


3. Saturated Refined Neutrosophic sets 
Irfan Deli et al [28] presented the properties and various operations of neutrosophic refined sets. An element 


of neutrosophic refined set has a sequence of truth, indeterminacy and falsity membership values. In the model 
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proposed by Irfan Deli et al [28] the symptoms of the patients at three different intervals of time are presented as 
neutrosophic refined sets. But in reality if the patients are undergoing treatment and the symptoms are checked at 
different intervals of time, suppose if a patient gets cured and gets back to normal conditions, then the symptoms of 
the disease are nil and it takes same values if testing of symptoms takes place at consecutive period of time. At this 
junction the membership values gets saturated, and this instance is the origin of saturated refined neutrosophic sets. 
Let U be a universe of discourse. A neutrosophic saturated refined set (NSRS) A on U can be defined as follows 
A={<x, (THX), TH) TR 0), TR 0D), (400), 18 0)» I 00), 1A), CF) FS (2) «FR (0), F2 (X) > x € 
Uand 0S T(x) + Ii(x) + Fi(x) < 3, = 1,2... P)andT} (x) < T2(x) << TP(x) for any 
x €A,Ti(x), Ii(x), Fi(x),i = 1,2... Pis the truth membership sequence, indeterminacy membership sequence and 
falsity membership sequence of the element x respectively. 


Let U be a universe of discourse. A interval — valued saturated refined neutrosophic set A on U can be defined as 


follows 
A={<x, ([ti*@), TOOL Gt Copakt Ge), ([i2@0, BOVE? G.1G)) cc OO) ) 
([F, 7x), Fy 7x), [Fy? x), Fy? (x), FP (x) > x © Uand 0s Ti(x) + Hix) + Fi(x) <3, (i= 


1,2... P)andT} (x) < T2(x) S-- S TP(x) for any 
x €A,Ti(x), Ii(x), Fi (x), i = 1,2 ... Pis the truth membership sequence, indeterminacy membership sequence and 
falsity membership sequence of the element x respectively. 
Remark: 
1. If any of the membership values is saturated it is partial in nature and it is also a saturated refined set. 

2.The saturated refined neutrosophic sets can be extended to overset, underset and offset. 
3.The interval — valued refined neutrosophic sets are also extended to saturated interval- valued refined neutrosophic 
sets and the saturated values varies from interval sets to single valued sets over a period of time. 
4. Application of the proposed decision making model 

A decision making model together with fuzzy relational matrix and saturated refined neutrosophic overset, 
underset and offset is validated with the following illustration. 
Decision Making Environment 

Presently COVID — 19 has brought a paradigm shift in teaching and learning process, the teaching fraternity 
is expected to possess digital teaching skills to face the post quarantine period. The developing nations have begun to 
encourage online educational system with the motive of unlocking learning during lock down. In this juncture the 
teachers are categorized based on their attributes and exposed to different kinds of training method to foster the 
acquisition of digital skills. The ultimate aim of this decision making model is to determine the suitable training 
method to the different kinds of teachers. This training programme is conducted to train the teachers to acquire online 
teaching skills. The expected outcome is enhancement of teacher’s online teaching skills. The effectiveness of the 
programme is evaluated based on certain attributes and these attributes duly play crucial role in the enhancement of 


teacher’s online teaching skills. 


The attributes are 
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Al Trainer’s efficiency- Refers to mastery 

A2 Teacher’s interest 

A3 Teacher’s duration of participation — present throughout the sessions 
A4 Teacher’s grasping ability — how quick they understand 


AS5 Trainer’s Approach — Refers to inter personal relationship/ social skills 


The teachers are made to undergo four phases of training namely I, II, III, IV and they are grouped into four 


categories and their characteristic features are presented in Table 4.1 


Table 4.1 Types of Teachers & Attributes 














Types of Characterization 
Teachers 
Tl Encouraging,Motivating,Systematic,Holistic 
T2 Optimistic,creative,interactive,Facllitative 
T3 Pragmatic,realistic,joyful, flexible 
T4 Weak commitment, Projective,Low professional ,Resistant to 
change 














The training to teachers are given using the following modes such as Self- paced learning, Blended learning, Adaptive 
learning, Virtual classes. The digital skills that are focussed in this training programme are Online skills, Digital 
literacy skills, Administrative skills of Learning Management System (LMS), Technology skills, Organization skills. 
The relation between digital skills and training methods are presented in Table 4.2 


Table 4.2 Relation between skills and methods 
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Blended Mode Self- paced Mode | Adaptive Mode | Virtual Mode 
Online Skills | ({.45,.6],[0.2..3],[ | ((0.66,.8].[0.43..5 | ([0.63,.75],[0.49.. | ((0.43,.58].,[0.33.. 

0.39,.46]) 7),[0.2,.38]) 7},[0.3,.4]) 5],[0.61,.68]) 
Digital literacy | ((0.5..61].[0.1..39 | ((0.43..6].[0.15,.2 | ((0.13,.31],[0.5..7 | ((0.3..39].[0.1..43 
Skills ].[.35,0.48]) 5],[0.38..5]) 1],[0.44..47]) ].[0.51,.62]) 
Administrative | ([0.5,.65],[0.21,.4 | ((0.45,.68].[0.2,.3 | ((0.46,.62],[0.2,.3 | ([0.65,.78],[0.32.. 
skillsofLMS | 5],[0.36,.57]) 7),[0.64..71]) 9],[0.24,.29]) 39],[0.53,.62]) 
Technology ((0.4..63],[0.1,.25 | ((0.44,.5].[0.61,.6 | ([0.27,.3].[0.53,.6 | (0.51,.59].[0.35.,. 
Skills 1. 9]. if 4], 

[0.69,.71]) [0.25,.45]) [0.39,.48]) [0.23,.33]) 
Organization | ([0.45,.5].[0.61,.6 | ([0.3..65].[0.42..5 | ([0.33,.45].[0.45,. | ((0.4,.53].[0.2..35 
skills 9], 2], 5],[0.25,.3]) ].[0.13,.25]) 

[0.15,.2]) [0.18..28]) 








The degree of acquisition rate of digital teaching skills is presented as saturated refined interval-valued neutrosophic 


overset, underset and offset in Table 4.3. 


Table 4.3 Relation between Teachers and Skill acquisition 








Online Skills Digital literacy Administrative Technology Skills | Organization 

Skills skills of LMS skills 
((0.7,0.8],[0.3,0.4], | [(0.6,0.7],[0.2,0.3], | ({0.5,0.6],[0.2,0.3],[ | ((0.3,0.4],[0.7,0.8],[ | ([0.4,0.5],[0.2,0. 

[0.5,0.6]) 0.1,0.3]) 0.4,0.6]) 3],[0.03,0.05]) 

T1_ | [0.5,0.7]) 

([0.65,0.75],[0.28,0 | ([0.55,0.67],[0.31,0. | ({0.37,0.45],[0.81,0. | ([0.46,0.57],[0.2 
((0.75,0.85],[0.41,0. 

.35],[0.43,0.48]) 43],[0.1,0.28]) 93],[0.52,0.58]) 6,0.35],[0.01,0.0 
5],[0.45,0.6]) 3) 

({0.78,0.88],[0.36,0 | (0.61,[0.33,0.44],[.0 | ({0.39,0.48],1.3,[0.5 
([0.79,0.95],[0.45,0. 

.4],0.31) .1,0.15]) 3,0.56]) (0.52,[0.28,0.37], 
58],0.4) 

[0.01,0.02]) 
((0.89,1.1],[0.37,0. | (0.61,[0.35,0.44],[- | ((0.43,0.52],1.3,[0.5 
41],0.31) .0.1,0.12]) 4,0.55]) 
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({0.9,1.2],[0.48,0.59 
,0.4) 


([0.52,[0.31,0.38 
],[-0.01,0.01}) 














T2 | ((0.6,0.7],[0.3,0.4],[ | ({0.5,0.6],[0.6,0.7], | ([0.4,0.5],[0.8,0.9],. | ({0.7,0.8],[0.3,0.4], | ({0.3,0.4],[0.7,0. 
0.7.0.8]) [0.1,0.2]) 0.3,0.4]) 0.2,0.3]) 8],[0.5,0.6]) 
([0.75,0.83],[0.33.0. | ({0.56,0.61],[0.68,0 | ([0.47.0.58],[0.88,0. | ([0.75,0.83][0.35,0. | ({0.36,0.46],[0.7 
46],[0.71,0.75]) .73],[0.1,0.15]) 97],[0.3,0.35]) 43],[0.1,0.2]) 9,0.89],[0.5,0.55] 

) 
([0.83,0.95],[0.4,0.4 | ({0.59,[0.71,0.75],[ | ({0.55,0.63],1.13,[0. | ([0.86,0.95],0.39,[0. 
8],0.68) 0.1,0.12]) 3,0.34]) 05,0.1) ({0.37,0.53],[0.8 
9,0.99],0.52) 
([0.96,1.3],[0.44,0.5 | ({0.59,[0.72,0.77],[ | ({0.55,0.78],1.13,[0. | ({0.96,1.1],0.39,[- 
4],0.68) 3,0.31]) 0.01,0.04]) ([0.45,0.56],[0.9 
-0.1,0.11]) 
5,1.1],0.52) 

T3 | ({0.8,0.9],[0.2,0.3],. | ({0.4,0.5],[0.8,0.9], | ([0.3,0.4],[0.2,0.3], | ({0.5,0.6],[0.7,0.8],. | ({0.3,0.4],[0.4,0. 
0.4,0.5]) [0.5,0.6]) 0.1,0.2]) 0.3,0.4]) 5],[0.2,0.3]) 
([0.86,0.98],[0.3,0.4 | ({0.47,0.57],[0.83,0 | ([0.38,0.47],[0.26,0. | ({0.57,0.68],[0.85,0. | ([0.35,0.46],[0.4 
1],[0.4,0.45]) 93],[0.45,0.57]) 37],[0.1,0.15]) 91],[0.2,0.3]) 7,0.57],[0.1,0.2]) 
(1.1,[0.38,0.49],[0.3 | ({0.55,0.61],1.2,[0. | (0.45,[0.28,0.39], (0.63,[0.91,0.99],[0. | (0.43,0.52,[0.1,0. 
5,0.4) 45,0.51]) 2,0.25)) 15)) 

[0.1,0.12]) 
(1.1,[0.42.0.51],[0.3 | ({0.55,0.62],1.2,[0. (0.63,[0.98, 1.2], (0.43,0.52,[ 
(0.45,[0.28,0.42], 
5,0.38]) 45,0.49]) 
[0.21,0.23]) -0.1,0.12]) 
[-0.1,0.1]) 
T4 | ((0.3,0.4],[0.5,0.6],. | ({0.5,0.6],[0.8,0.9], | ([0.7,0.8],[0.5,0.6],. | ({0.2,0.3],[0.1,0.27] | ([0.3,0.4],[0.8,0. 





0.2,0.3]) 


([0.41,0.49],[0.6.0.6 
7],[0.1,0.2]) 


({0.45,0.53],0.61,[0. 
1,0.15]) 


([0.45,0.55],0.61, 





[0.6,0.7]) 


([0.52,0.61],[0.88,0 
98],[0.5,0.6]) 


([0.63,0.64],1.3,[0. 
5,0.55]) 





0.36,0.57]) 


({0.8,0.91],[0.55,0.6 
5],[0.36,0.55]) 


([0.88,0.99],0.61,[0. 
2,0.25]) 





[0.1,0.2]) 


({0.4,0.63],[0. 1,0.25 
],[0.1,0.13]) 


([0.46,0.63],0.26,[0. 
05,0.1]) 





9],[0.5,0.6]) 


([0.45,0.53],[0.8 
8,0.91],[0.45,0.5] 
) 


(0.45,[0.98, 1.1],0 
41) 
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[-0.1,0.11]) 





48,0.52]) 





([0.65,0.71],1.3,[0. 


,0.23]) 





([0.98,1.1],0.61,[0.2 





({0.47,0.63],0.26,[ 


-0.05,0.05]) 


(0.45,[0.99, 1.2],0 
41) 








The normalized Hamming distance is used to determine the most suitable training method to teachers and the values 


are presented in Table 4.4. 


Table 4.4 Normalized Hamming Distance between Teachers and Methods 





























Blended Mode Self- paced Mode Adaptive Mode Virtual Mode 
T1 0.214 0.183 0.194 0.217 
T2 0.286 0.299 0.28 0.279 
T3 0.245 0.199 0.185 0.246 
T4 0.254 0.286 0.26 0.27 











The results obtained by Hamming distance, Euclidean and Normalized Euclidean distance methods are presented in 


Table 4.5,4.6 and 4.7 respectively 


Table 4.5 Hamming Distance between Teachers and Methods 






























































Blended Mode Self-paced Mode Adaptive Mode Virtual Mode 
Tl 0.858 0.73 0.774 0.866 
T2 1.142 1.174 1.122 1.117 
T3 0.999 0.798 0.741 0.986 
T4 1.014 1.143 1.037 1.076 

Table 4.6 Euclidean Distance between Teachers and Methods 

Blended Mode Self-paced Mode Adaptive Mode Virtual Mode 
Tl 0.115 0.095 0.096 0.12 
T2 0.129 0.13 0.128 0.127 
T3 0.131 0.112 0.0876 0.124 
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T4 0.129 0.132 0.131 0.133 
Table 4.7 Normalized Euclidean Distance between Teachers and Methods 
Blended Mode Self-paced Mode Adaptive Mode Virtual Mode 
Tl 0.0289 0.0239 0.024 0.0274 
T2 0.0321 0.0325 0.0323 0.0317 
T3 0.0328 0.028 0.0219 0.031 
T4 0.0277 0.033 0.0324 0.0332 
Discussion 


Table 4.4,4.5,4.6 &4.7 clearly presents the most suitable training method to various kinds of teachers. The lowest 
distance gives the apt method. Self- paced mode is suitable to type I teachers; Virtual mode to type II teachers; 
Adaptative mode to type III teachers and blended mode to type IV teachers. This optimal relation between teachers 
and methods are highly pragmatic as it has incorporated the influence of external and internal factors of the training 
programme. The various methods of distance measures are used to determine the feasible method of teaching and on 
comparative analysis, the results obtained by using the different methods, are same. The proposed decision making 
model with saturated refined neutrosophic sets of different kinds can be extended further with other representations 
of neutrosophic sets, also other kinds of distance measures can be applied to find the optimal method of teaching. This 
model also has certain limitations as neutrosophic oversets, undersets and offsets of representations are used only 
specifically and these special kinds of representations cannot be applied at all circumstances. This decision -making 


model caters to particular needs. 


Conclusion 

In this research work the concept of saturated refined neutrosophic sets, interval —valued saturated refined 
neutrosophic sets and its extension to neutrosophic overset, underset and offset are proposed. A decision making 
model with fuzzy relational matrix and saturated refined neutrosophic overset, underset and offset is proposed in this 
paper. The model is validated with a real life application. This research work will certainly enlighten the researchers 
to explore in deep about the concepts of neutrosophic overset, underset and offset. The profound extension of these 


concepts will disclose new portals of neutrosophic research. 
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Example 2.11. Let AG = N. 
(i) Let * be a binary operation on AG defined Vz, y € AG by 
crey=U+tyt czy. 
Then (AG, *) is a finite AntiGroup of type-AG[3,4]. 
(ii) Let « be a binary operation on AG defined Vx, y € AG by 
cey=autytl. 


Then (AG, *) is a finite AntiGroup of type-AG[3,4]. 


3 A Study of Finite AntiGroups of Type-AG/[4] 


In this section, we are going to study a particular class of AntiGroups (AG, *) where G4 is totally false for 
all the elements of AG while G1, G2, G3 and G5 are either partially true, partially indeterminate or partially 
false for some elements of AG. 


Definition 3.1. Let (AG, x) and (AH, o) be AntiGroups of type-AG[4]. The direct product of AG and AH 
denoted by AG x AH is defined by 


AG x AH = {(g,h): 9g € AG,h € AH}. 


Proposition 3.2. Let (AG, *) and (AH, o) be AntiGroups of type-AG[4] and let ® be a binary operation on 
AG x AH defined by 


(g,h) @ (x,y) = (g*a,hoy) V(g,h), (a, y) € AG x AH. 
Then (AG x AH, ®) is an AntiGroup of type-AG[4]. 


Proof. The proof follows from the definition of AntiGroups of type-AG[4] and the definition of direct product 
of AntiGroups of type-AG[4]. 














Proposition 3.3. Let (AG, *) be an AntiGroup of type-AG[4] and let g,x,y € AG. Then 





(i) gxv=g*y L=y. 








(ii) cx*g=y*g L=y. 














Proof. Since g~' does not exist and * is NeutroAssociative, the required results follow. 





Proposition 3.4. Let (AG, *) be an AntiGroup of type-AG[4], x,y € AG and let m,n € N. Then 
(i) atl Lem ay 
(ii) co" F (Cae aa 
(iii) 2 x a—™ A N, where N, is a NeutroNeutralElement in AG. 
(iv) ce xar Agr, 
(v) (a™)" Aa. 
(vi) (vx y)™ Aa™ «y™. 


Proof. Since x—! does not exist and * is NeutroAssociative, the required results follow. 














Corollary 3.5. An AntiGroup (AG, «) of type-AG[4] cannot be generated by an element x € AG and hence 
cannot by cyclic. 


Definition 3.6. Let (AG, *) be an AntiGroup of type-AG[4]. A nonempty subset AH of AG is called an 
AntiSubgroup of AG if (AH, *) is also an AntiGroup of the same type as AG. Otherwise, if (AH, *) is an 
AntiGroup of a type different from the type of AG, then AH is called a QuasiAntiSubgroup of AG. 
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Abstract 


In a recent paper, we have introduced the notion of standard single valued neutrosophic metric space as a 
generalization of standard fuzzy metric spaces given by J.R. Kider and Z.A. Hussain. In this paper, we continue 
our previous work by introducing the notions of complete standard single valued neutrosophic metric space 
and compact standard single valued neutrosophic metric space. Furthermore, we give a number of properties 
and characterizations of these notions and relationship between them. 

Keywords: Single valued neutrosophic set, Metric space, Completeness, Compactness 


1 Introduction 


In 1995, Smarandache proposed the notion of neutrosophic set, which was published in 1998 [10] as a gener- 
alization of the notions of fuzzy set and intuitionistic fuzzy set. A neutrosophic set (NS) is a set where each 
element of the universe has a degree of truth (T), indeterminacy (I) and falsity (F) in the non standard unit 
interval. Further, Wang et al. [15] proposed the notion of single valued neutrosophic set (SVNS) as a subclass 
of (NS). Single valued neutrosophic sets have been useful in many real applications in several branches (see 
for e.g., [2,5,6,7,13] and [17]). 

In the literature, there are several approaches to the notion of neutrosophic metric space. In [14], Tas et al. de- 
fined the neutrosophic valued metric spaces and neutrosophic valued g-metric spaces. In this regard, we find 
that other authors have adopted the same approach, such as Sahin et al. [8,9]. Later on, Kirigci and Simsek [4] 
introduced neutrosophic metric space with neutrosophic numbers and they investigated some properties of 
neutrosophic metric space such as compactness and completeness. In the present study, we introduce the no- 
tion of standard single valued neutrosophic metric space and, from this notion, we introduce the notion of 
complete standard single valued neutrosophic metric space and compact standard single valued neutrosophic 
metric space. Furthermore, we give a number of properties and characterizations of these notions and relation- 
ship between them. 

This paper is structured as follows. In Section 2, we recall basic concepts and properties of single valued 
neutrosophic sets. Moreover, we introduce the concept of standard single valued neutrosophic metric spaces 
and some related notions that will be needed throughout this paper. In Section 3, we introduce the notion of 
complete single valued neutrosophic metric space and we show its interesting properties. In Section 4, we 
introduce the notion of compact single valued neutrosophic metric space with interesting characterizations and 
properties and relationship between completeness and compactness. Finally, we present some conclusions and 
we discuss future research in Section 5. 


2 Preliminaries 


This section contains the basic definitions and properties of single valued neutrosophic sets and some related 
notions that will be needed throughout this paper. 
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2.1 Single valued neutrosophic sets 
The notion of fuzzy sets was first introduced by Zadeh [18]. 


Definition 2.1. [18] Let X be a nonempty set. A fuzzy set A = {(x, 4(x)) | x € X} is characterized by a 
membership function 4 : X — [0,1], where j.4(z) is interpreted as the degree of membership of the element 
x in the fuzzy subset A for any x € X. 


In 1983, Atanassov [1] proposed a generalization of Zadeh membership degree and introduced the notion 
of the intuitionistic fuzzy set. 


Definition 2.2. [1] Let X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A on X is an object 
of the form A = {(x, wa(x),v4(x)) | « € X} characterized by a membership function fz4 : X — [0, 1] and 
a non-membership function v4 : X — [0,1] which satisfy the condition: 


0< pa(x) +va(x) <1, forany re X. 


In 1998, Smarandache [10] defined the concept of a neutrosophic set as a generalization of Atanassov’s 
intuitionistic fuzzy set. Also, he introduced neutrosophic logic, neutrosophic set and its applications in [11,12]. 
In particular, Wang et al. [15] introduced the notion of a single valued neutrosophic set. 


Definition 2.3. [11] Let X be a nonempty set. A neutrosophic set (NS, for short) A on X is an object of the 
form A = {(x, a(x), 4(@),V4(x)) | 2 € X} characterized by a membership function 4 : X >]~0,17[ 
and an indeterminacy function 74 : X —+]~0,1*[ and a non-membership function v4 : X —]~0,1*[ which 
satisfy the condition: 

—0 < pa(z) + oa(x) + va4(x) < 37, for any z € X. 


Certainly, intuitionistic fuzzy sets are neutrosophic sets by setting o4(x) = 1 — a(x) — v(x). 
Next, we show the notion of single valued neutrosophic set as an instance of neutrosophic set which can 
be used in real scientific and engineering applications. 


Definition 2.4. [15] Let X be a nonempty set. A single valued neutrosophic set (SVNS, for short) A on X is 
an object of the form A = {(x, 4(x),o4(x),va(x)) | 2 € X} characterized by a truth-membership function 
pia : X — [0,1], an indeterminacy-membership function 74 : X —> [0,1] and a falsity-membership function 
va: X — [0,1]. 


The class of single valued neutrosophic sets on X is denoted by SV N(X). 


For any two SVNSs A and B ona set X, several operations are defined (see, e.g., [15,16]). Here we will 
present only those which are related to the present paper. 


O:Ae BPG) < pee) ados@) Ses) mda) S ve) oral ee 
Gi) A= Bif a(x) = pp(x) and oa(x) = op(x) and v4(z) = vp (x), forall x € X, 
Gil) AN B= {(a, wa(x) A pa(®), 7a(@) Aop(x),va(x) V va(2)) |v © X}, 

(iv) AUB= {(z, wa(x) V w(x), 04(2) V oB(2), vale) AvB(a)) | x € X}, 

(v) A= {(z,1—va(z),1—oa(x),1—pa(z)) | 2 € X}. 


2.2 Standard single valued neutrosophic metric spaces 


In this Subsection, we extend the notion of standard fuzzy metric space introduced by J.R. Kider and Z.A. 
Hussain [3] to the setting of single valued neutrosophic sets. Also, we discuss the main properties related to 
this notion. 


Definition 2.5. A quintuple (X, M/, *,<,©) is said to be a standard single valued neutrosophic metric space 
(SSVN-metric space, for short) if X is an arbitrary set, *, < are a continuous t-norms, ¢ is a t-conorm and MW 
is a continuous single valued neutrosophic set on X? satisfying the following conditions: 


(i) par(z,y) > 0, om (x,y) > Oand vys(z,y) < 1 forall x,y € X; 
(ii) Uys (x,y) = 1, on (2, y) = Land vyy(a, y) = Oif and only if x = y; 
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(iii) as(@,y) = eu (y, 2), om(2,y) = om(y, @) and vys(a,y) = vary, x) forall 2, y € X; 


(iv) Um (2, Z) 2 bm (2, y) a Um(y, 2), om (2, 2) 2 om(2,¥) <dom(y, 2) and vu (2, 2) < vu (x,y) ° 
Um (Y; z). 


The functions puyg (2, y), Ox (x, y) and vy,(x, y) denote the degree of nearness, the degree of neutralness and 
the degree of non-nearness between «x and y, respectively. 


Remark 2.6. If the set X given in the previous definition is a metric space with an ordinary distance d, then 
(X, M, *,<, ©) is called an SSVN-metric space induced by (X, d). 


Example 2.7. Let (X,d) be an ordinary metric space. Define the t-norms x * y = min{x,y}, rdy = 
min{«, y} and the t-conorm zo y = maz{z, y}, for all x, y € [0,1]. Define the single valued neutrosophic 
set M on X? as: 

d(x, 
pa (2,Y) = gpategy OM (29) = a(z,y), var(z,y) = GB. 
Then, (X, M, x, <,) is an SSVN-metric space. 





Definition 2.8. Let (X, M, x, <,) be an SSVN-metric space. For « € X andr €]0, 1[, the open ball B(z,r) 
with radius r and center x is defined by 


Bia,r) ={y eX | uu(a,y) > 1-7, om(a,y) > 1—rand vy(a,y) <r}. 


Definition 2.9. Let (X, M, *,<, ©) be an SSVN-metric space, a subset A of X is said to be an open set (OS, 
for short) if for any x € A there exists r €]0,1[ such that B(a,r) C A. The complement of an open set is 
called a closed set (CS, for short) in X. 


Definition 2.10. Let (X, M, *,<,o) be an SSVN-metric space. Then 


(i) a sequence (2,,) in X is said to be convergent to a point x € X if for any r €]0, 1, there exists k € N 
such that 


Lim (&n, 0) >1l—riom(an, 2) > 1l—randyvy(an,x) <r, foralln >k. 


(ii) a sequence (x,,) in X is said to be Cauchy sequence if for any r €]0, 1[, there exists k € N such that 


bm (fn,lm) >1—7T,0mM(tn,lm) > 1—rand yy (an,tm) <r, foralln,m>k. 
Definition 2.11. Let (X, M, *,<,°) ba an SSVN-metric space and let A C X then the closure of A is denoted 
by A is defined by the set of all limit of sequences («,,) in A. 


Definition 2.12. Let (X, M, *,<,©) ba an SSVN-metric space and let A C X. A is said to be dense in X if 
A=X. 


Remark 2.13. Let ri1,72 € [0,1]. If r1 > re, then there exist r3,r4 €]0,1[ such that r; * rz > rg and 
r, > 12°14. Moreover, for any rs €]0, 1[, there exist rg,r7 €]0, 1[ such that rg * rg > 75 andr7or7 < 1s. 


3 Completeness in SSVN-metric spaces 


In this section, we will study some interesting properties of completeness in single valued neutrosophic metric 
spaces. First, we introduce the notion of complete single valued neutrosophic metric space. 


Definition 3.1. An SSVN-metric space in which every Cauchy sequence is convergent, is said to be complete. 


Theorem 3.2. If every Cauchy sequence in an SSVN-metric space (X,M, *,<,°) has a convergent subse- 
quences. Then (X, M, *,<, ©) is complete. 


Proof. Let (ap) be a Cauchy sequence, and let (2;,) be a subsequence of (2) where x;,, converges to x. Take 
r €|O, 1[ such that 


(l—r)*(l-r)>1l-—a,(1—r)<(l—r)>1-—aandror <a, forall a €0,1[. 








Since x;,, converges to x, there exists 7, € N such that 
pyle. ¢) > Lr, oy ley. @) > 1— rand yy (ei, 0) <7; Tor alla, > ip. 
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In fact that (a,,) is a Cauchy sequence, then there exists k € N where k > i, such that 
LM (Ln, Lm) > 1-71, oy (@n, tm) > 1l—rand yyy(an,%m) <7, foralln, m>k. 


Therefore, if n > i,, then 





Lm (&n, 2) > ba (@n,%m) * Um (@m,2) > (1-1) *(l—1r) >1-a, 





Om(2n,£) > Om (2n, 2m) OuM({m,2) > (1—1r)<(l-r)>l-a 


and vy (%n,2) < VM (In, lm) VM (Lm, x) << ror<a. 











Thus, we have x,, converges to x, and hence (X, M, *,<, ©) is complete. 





Next, we discuss the relationship between dense subset and completeness in SSVN-metric space. First, we 
need to provide the following key result. 


Lemma 3.3. Let A be an SSVN-metric space (X, M, *,<,°). If A is dense in X, then there exists a € A such 
that 
m(z,a) >1l—r, om(a,a) > 1—randvy(2,a) <1, wherer €|0,ll[andxe X. 


Proof. Suppose that A is dense in X and let x € X. Then, x € A, and hence there exists a sequence (a,,) in 
A such that a, converges to x. Hence, for any r €]0, 1[, there exists k € N such that 


Lim (Gn,t) >1l—r, om (Qn, 2) > 1—randryy(an,2) <r, foralln>k. 
Now, if we take a = ax, then 


pu(a,v) >1—r, om(a,x) >1—randvy(a,x) <r, foralk>N. 





This is the desired result. 











Theorem 3.4. Let A be a dense subset of an SSVN-metric space (X, M, *,<, ©). If every Cauchy sequence of 
points of A converges in X then (X, M, *,<,°) is complete. 


Proof. Let (xy) be a Cauchy sequence in X. On the one hand, since A is dense, it follows from Lemma[3.3} 
that for every x, € X there exists a, € A such that 


Lim (Xn, An) > 1— 8, Oy (Hn, an) > 1 — s and vyg (an, an) < 5 where s €]0, 1[. 
On the other hand, from Remark there exists t = 1 — € €]0, 1[, such that 
(l—s)*(1—s) >t, (l—s)<(1l—s) >tandsos<e. 


We next show that the sequence (a,,) is Cauchy. 
Indeed, since (x,,) is Cauchy in X, it then follows that for any r €]0, 1[, there exists k € N such that 


Lm (2n;lm) >t, Om (@n,Lm) > tand vys (Lp, @%m) <€ foralln,m>k. 


Therefore, 


Lim (Gn, 4m) > bu (Gn, 2n) * Um (2n, Am) > (1—s)*(1—s) >t, 


2 
2 


OM (Gn;4m) > OM (An, Ln) Ou (2n, Am) > 1—s)a(1—s) >t 


and vyr (Qn, Am) < Vm (Gn; ln) OVUM (Ln, Am) << sO5<e. 
Then (a,,) is Cauchy sequence and since A is dense of (X, M, *,<,©) this implies that (a,,) is converges to 
x € X. On the other hand, pias (@n, 2) > em (Ln, Gn) * Pu (Gn, 2) > (1—s)*(1—s) > 1—¢, ou (an, x) > 


Om (Ln, An) JO (Gn, 2) > (1—s)<(1—s) > l—eand yyy (an, 2) < Vy (Gn, Gn) OV (Gn, 2) < (808) Se 
Then (,,) is converges to x. Hence, (X, M, *, <, ©) is complete. 




















Now, we introduce the notion of continuous mapping and uniformly continuous mapping in SSVN-metric 
spaces. 
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Definition 3.5. Let (X, Mx, *,<,°) and (Y, M’, x,<,) be two SSVN-metric spaces. A function f : X —> 
Y is said to be single valued neutrosophic continuous at a € X, if for every r €]0,1[, there exists 6 €]0,1[ 
such that 


Hu (F(@), fa) > 1-7, ome(F(2), f(a) > 1— rand ue (f(x), f(a)) <r, 


whenever fiys(t,a) > 1 — 46, om (a,a) > 1—d and yyy (a, a) <6. 


Definition 3.6. Let (X, Mx, *,<,°) and (Y, M’, x,<,°) be two SSVN-metric spaces. A function f : X —> 
Y is said to be single valued neutrosophic uniformly continuous on X, if for every r €]0,1[, there exists 
6 €]0, 1[ such that 


bmi (f (a1), f(2)) > 1-9, om (f (a1), f(2)) > 1— rand vy (f (a1), f(z2)) <r, 
whenever fiyg (21,22) > 1— 0, on¢ (1, 42) > 1— band yyy (21,22) < 6. 


Theorem 3.7. Let f : (X,M,x*,<,o) —> (Y,M’,x*,<,©) to be a one-to-one and uniformly continuous. If 
f—1 is a single valued neutrosophic continuous and Y is complete, then X is complete. 


Proof. Suppose (x,,) is a Cauchy sequence and let the sequence y,, = f(x,,). We show that (y,,) is a Cauchy 
sequence. Since (x,,) is a Cauchy sequence, it follows that 


bm (21,22) > 1-6, oy (#1, 02) > 1 — band yyy (21,22) < 6, 
for any 6 €]0, 1[. This implies that 
ume (f (1), f(@2)) > L— 7, ome (fF (x1), f(@2)) > 1-7 and vy (f (a1), f(w2)) <r, 
for any r €]0, 1[ and, there exists k € N such that m,n > k imply that 
Lim (fn, Lm) > 1-6, om (An, tm) > 1 —d and vas (an,%m) <0. 
It follows that for m,n > k 
Lu (Yns Ym) > 1-7, Om (Yn, Ym) > 1—rand vy (Yn, Ym) <7. 


Hence, (y,,) is Cauchy sequence which implies that there exists a subsequence (y,,,,) such that y,,, converge 
to y, where y € Y. Since f~+ is a single valued neutrosophic continuous mapping, it follows that 7, = 
f-*(yn, ) converges to f~'(y) = x. According to Theorem [3.2 X is complete. 














4 Compactness in SSVN-metric spaces 


In this section, we will study some interesting properties and characterizations of compactness in single valued 
neutrosophic metric spaces. 


4.1 Definitions 


In this subsection, we introduce the notion of SVN-bounded subset, totally bounded subset and compact single 
valued neutrosophic metric space. 


Definition 4.1. Let (X, M, x, <,o) be an SSVN-metric space and let A C_X. A is said to be an SVN-bounded 
if there exists r €]0, 1[ such that wyy (a, y) > 1-1, om (2, y) > 1 —rand vyy(2,y) <r, forall x,y € A. 


Definition 4.2. Let (X, M, *,<,©) be an SSVN-metric space and let A C X. 
A collection © of open sets is called an open cover of A if, A C gen 
cS 





Definition 4.3. Let (X, M, *,<,) be an SSVN-metric space and let A C X. Ais said to be a totally bounded 
if there exists r €]0, 1[ such that was (x, ys) > 1-1, om (x, yi) > 1—rand vag(a, y;) <r, for all a © X and 
y, € Awithi = 1,...,n. 


Definition 4.4. Let (X, M, *,<, ©) be an SSVN-metric space. 


n 
X is said to be compact if, X = UU; | U; © O. In other words, if every open cover has a finite subcover. 
+= 
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4.2 Characterizations of compact SSVN-metric spaces 
In this subsection, we provide interesting characterizations of compact SSVN-metric spaces. 


Proposition 4.5. Let (X, M, *,<,) be an SSVN-metric space and let A C X. 
Tf A is a totally bounded, then A is an SVN-bounded. 


Proof. Assume that A is a totally bounded subset of X, and consider an open cover {B(x,r),x € A} of A. 
Since A is a totally bounded, there exist 71, 22,...,%, © A such that A C OB, r). Let x,y € A, then 
x € B(x;,r) and y € B(x,;,r), for some 1 < i,j < n. Consequently, 


bm (;,2) >1—T, ou (ai,2) > 1—randyvyy(ai,2) <r 


and pa (2;,y) >1—r, om(2;,y) > 1—rand vy (z;,y) <r. 


Due to the symmetry of the functions fxs, ox and Vy (see (ii2) of Definition|2.5), it holds that 
im (2,0) >1—1T, ou (2,03) > 1—randyvyy(a,2;) <r 


and pm (y,t;) >1l—r, om(y,2;) > 1l—randvas(y,2;) <r. 
Now, we put rp = minfum(2,2;);1 < t,9 < nh, im = minfou(a2,2;);1 < i,7 < n} andro = 
max{vy_(x,u;);1 < i,7 < n}. Then there exists s €]0,1[ such thatro >1—s>1l—-r,ry>1—s>1-r 
and ry < s < r. Moreover, we obtain 
bau (2,y) > wa (x, xi) * Um (2, 2j) * pm (2j,z) > (1—r)*(1—-r)*r9 >1-s>1-r7, 
om (£,Yy) > om (2, 2%) dom (%i,2;)<dom(a;,2) > (1—-r)<(—-r)im >1—-s>1-r 
and vu (2, Y) < Vu (2,0; ) ° Vu (Xi, £5) ° Vu (xj, 2) <roreormg <s <7. 


Therefore, 
beu(2,y) >1l—1r, om(a,y) >1l—randvy(a,y) <r forall z,y € A. 


Hence, A is an SVN-bounded. 














Proposition 4.6. Let (X, M, *,<,°) be an SSVN-metric space. 
If X is compact, then X is totally bounded. 


Proof. Itis clear that for any given r €]0, 1[, the collection O of all balls B(x, 1) is an open cover of X, where 
x € X. Let X be a compact SSVN-metric space. Since X is compact, it follows that O contains a finite 
subcover. Hence, for r €]0,1[, there exists a finite number of open balls 6(2;,1) which represents an open 
cover of X, where i = 1, 2,...,n. Now, if we consider x € B(x;, 7) then 


bm (2,24) >1l—r, ou (a,x;) > 1—rand vyy(2,2;) <r, fori = 1,2,...,n. 














Therefore, X is totally bounded. 
Combining Proposition.6]and Proposition. 3Jeasily leads to the following result. 


Corollary 4.7. Let (X, M, *,<,°) be an SSVN-metric space and let A C X. 
If A is compact, then A is an SVN-bounded. 


Proposition 4.8. Let (X, M, *,<,°) be an SSVN-metric space. If X is compact, then X is complete. 


Proof. Suppose that X is compact and consider at the same time that X is not complete. Since X is not 
complete, there exists a Cauchy sequence (,,) not having a limit in X. Now, we assume that x € X. Since 
(Zp) does not converge to x, there exists r, €]0, 1[ such that 


bm (fn, £2) <1—171, om (an, 2) <1—1ry and yy (tp,x) > 1) forall a,y € A for anyn EN. 
In addition, as long as (x,,) is Cauchy, there exists an integer & € N such that n,m > k. This implies that 


Lim (Ln, Lm) >1—1e, om (an, tm) > 1 — re and vyg(@n, 2m) < T2, where rg €}0, 1[. 
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Next, we choose m > k for which 
LM(L{m,0) >1—re, om (am, 2) > 1— re and vyg (4m, 2) < ro. 


Then, the open ball B(,r2) contains «,, for only a finite number of values of n > k. Thus, it can be observed 

that X = U Ble, r), which means that O = {B(ax,r),« € X} is an open cover of X. The compactness of 
rE 

X implies that this open cover contains a finite subcover O; = {B(x;, ri), 2; € X,i = 1,2,...,n}. 

In conclusion, as each ball contains (x,,) for only a finite number of values of n > k, the balls are in O;. In 


addition, X must contains (2,,) also for only a finite number of values of n > k& which means that a Cauchy 
sequence (2) have a limit in X. This, contradicts the hypothesis. Hence X is complete. 














Proposition 4.9. Let (X,M,x*,<,°) be an SSVN-metric space. If X is totally bounded and complete, then X 
is compact. 


Proof. Suppose that X is totally bounded and complete and consider at the same time that X is not compact. 
On the one hand, since X is not compact, then there exists an open cover U;,7 € I of X which does not contain 
a finite subcover. On the other hand, since X is totally bounded, then it follows from Proposition ff.5] that 
X C B(a,r), for any x € X and r €)0, 1[. While it is clear that B(x, 1r) C X, this implies that X = B(z,r). 


Now, Setting a, = 37. According to what we know that X being totally bounded can be covered by finite 


many balls of radius a1, then from our hypothesis at least one of these balls, and so be it B(x1, a1), cannot be 
covered by a finite number of sets U;. As B(21, a1) is totally bounded, then we can find an x2 € B(x, a1) 
such that B(x2, a2) cannot be covered by a finite number of sets U;. Proceeding in this way, a sequence (’,,) 
can be defined with the property that for each n, B(x, ,) cannot be covered by a finite number of sets U; 
and tn11 € B(an, An). 

Next, we show that the sequence (,,) is convergent. The fact that 7,41 € B(an, a») implies that 


Leu (2n;ln41) > 1— An, Om (8n;En41) > 1— ay and Vy (4p, Tn41) < An- 
Similarly, vj, € B(&m—1,@%m—1) implies that 
[6m (%@m—1;%m) >1- Am-1; OM(Lm—1, Lm) oe Am-1 and UM (%m—1; Lm) < Am-1- 
Let a €]0, 1[ such that 
(1 — ap) * (1 — Qn41) *...* (1—am_1) >1l-a, 
(1 — ay) (1 — Qn41) 4... (1-—amy_1) >l-a 
and Qn o An410...0Am-1 <a. 
Therefore, 
Pu (ln: %m) > be (Sn, ns) * UM (Ent, In42) * ..* Um (Lm—1, 2m) 
> (1— ay) * (1 — an41) *... * 1 — Om_1) 
>l-a, 


Applying a similar reasoning, we find 
OmM(Ln; 2m) 2 OM (Ln, Ln41) IM (Ln41, Ln42) I+. IOM(Lm—1; Lm) 


> (l= an) < (1 — angi) <4... (1 — Om-_1) 
> 1-—aand 


UM(fn,em) < VM (En, Ln41) o UM (Ln41, Fn42) O.. OUM(L@m—1;%m) 
< An O An41 0... O Am-1 
<a. 














Hence, (x,,) is a Cauchy sequence. Since X is complete, then (x,,) converges to y in X. As y € X, there 
exists ig € I such that y € U;,. As U;, is open, then it contains B(y, 6) where 8 €]0, 1[, and hence, for n so 
large we have 


Lim (2n,y) > 1-8, om(an,y) > 1— Band vyy(ay,y) < 8 withhl—a, >1-— Banda, < 8. 
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Let x € B(an, Qn). It holds that 
Lm (£,%n) >1—an, Om (2,2n) > 1— ay and vy (2,2) < A, foranyx Ee X. 
Thus, 


bu(a,y) > pu (2, fn) * tm (En, y) > 1 —- B)*0-—8)>1-r, 
om(2,y) = om (2, fn) dou(2n,y) > (1-6) a(1- 8) >1-r and 


vu (x,y) < UM (2, 2n) VM (En, Y) < BoB <r. 


This implies that x € B(y,r), and hence B(%p,a,) C B(y,r). This means that B(x, ap,) admits U;, as a 
finite subcover. This is a contradiction. Hence X is compact. 


Theorem 4.10. Let (X, M, *, <,o) be an SSVN-metric space. Then it holds that 
X is compact if and only if X is totally bounded and complete. 


Proof. Suppose that X is compact. From Propositionff.6] it then follows that X is totally bounded. Moreover, 
Proposition [4.8]then guarantees that X is complete. Thus, X is totally bounded and complete. The converse 
implication, follows immediately from Proposition 9] 














5 Conclusion 


In this paper, we have introduced the notions of complete standard single valued neutrosophic metric space 
and compact standard single valued neutrosophic metric space and we have investigated their most interesting 
properties and characterizations. In a future work, we plan to study other topological properties for standard 
single valued neutrosophic metric space such as convexity, connexity and density. Moreover, we intend to use 
these topological properties to study some fixed point theorems. 
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Abstract 


This study presents a smart agriculture mechanism model equipped with neutrosophy theory for the first time. 
The model is created by meticulously bringing together the fields of decision making, loT and cloud comput- 
ing. We have demonstrated that smart agriculture can be used in integration with neutrosophic, integrated with 
IoT. This integration is a model created by making much more detailed calculations by taking into account and 
using the uncertainty situations in neutrosophic numbers and logic, by automating both the geometric analysis 
of the soil and surface control and the numerical data of the environment for smart agriculture. 


Keywords: Smart Agriculture, Internet of Things, Cloud Computing, Neutrosophic Logic, Neutrosophic Ge- 
ometry 


1 Introduction 


The term IoT (Internet of Things) was first used by Ashton, director of the Auto-ID Center. He defined that 
“Objects of The Internet (oT) is a communication network in which physical objects are connected to each 
other or to larger systems. This network, from every moment of life it is full of technological devices that 
collect billions of data, turning it into meaningful information” []]. loT technology, electronics it has gained 
a new dimension thanks to miniaturization and advances in network connections. With these developments, 
IoT wireless is a network of advanced sensors that can communicate with each other over the internet and 
can be accessed through web technologies over the internet network it has become a technology in which it is 
used. IoT data collection, transmission, processing, business management, etc. currently and next-generation 
information it is a significant part of their technology and has opened a new way for people to collect and pro- 
cess information [2]. Within the fundamental IoT, natural environment includes temperature, position, weight, 
light intensity, pulse rate, blood pressure, hardness, carbon dioxide ratio, humidity, ph value, sound intensity, 
etc. all kinds like there is an environment where there are measurable physical magnitudes. These data are 
received through sensors are detected raw and analog or they are converted to digital signals. These data from 
nature are the RFID needed for IEEE 802.5.4, Bacnet, Bluetooth, GPRS and GSM, infrared, LPWAN, M-Bus, 
machine-machine communication, Man-Machine, ModBus, NEC, power line carriers, Zigbee, ethernet and it 
is transmitted to cloud computing systems for storage, such as for processing with wireless and wired com- 
munication infrastructure and communication protocols. The data store form big data in increasing stacks. 
This big amount of data to increase efficiency needs to be analyzed, and this is done using machine learning 
methods or the established rule base. IoT with the growth and spread of technology, traditional agriculture 
will be abandoned and switched to modern and more efficient agriculture. Also for industries, it will provide 
great business opportunities. These developments provide important groundwork for the development and 
innovation of Agriculture 4.0. 
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Internet of Things (IoT) is a technology that has been growing in popularity in recent years. IoT is de- 
fined as the way objects communicate with each other through advanced communication technologies. In the 
future, thanks to developed projects such as LTE (Long-Term Evolution), M2M (machine-to-machine com- 
munication), today’s most devices in use will be able to access an IP. The importance of IoT technology will 
bring many innovations increasing day by day via many similar developments. The industry 4.0 solutions, can 
achieve information about the place of IoT technology in smart agriculture is provided [Bl]. However, there is 
no specific consensus on the definition of IoT by the community of users around the world among academics, 
researchers, people from many different segments, including practitioners, developers, and legal entities. What 
all the definitions have in common is that the first version of the internet was created by people the idea is that 
it’s about the data created, and the next version is about the data created by generations. The best definition 
for IoT “A clear and comprehensive smart objects capable of reacting and behaving in the face of changes in 
situations and the environment the network is stated as” [4]. IoT technology generally consists of detection, 
transmission and application layers. This technology has made measurable information about all kinds of 
objects that you can think of, remotely detected and monitored. Detection sensors are used to collect data at 
the layer. Sensors for fixed or mobile use as needed it can be designed. Electrical conductivity (EC), CO2 
ratio, soil and, air humidity in the agricultural area discussed in this study today, temperature, light sensors are 
some of them. In recent years, passive, battery-free, non-contact, electrical resistance measurement sensors 
and studies are also being carried out on sensors that detect the physiological state of plants [5] [6]. Wireless 
devices with sensor networks (KSA) and RFID technologies and traditional wireless communication protocols 
such as WiFi, Bluetooth, GPRS in addition, the IEEE 802.15.4 standard and next-generation protocols such as 
Zigbee are used designed for this purpose at the transmission layer. The software layer is web-based mobile 
applications, especially microprocessor (MCU) software, server and cloud computing management software 
with it covers inter-machine communication protocol (M2M) software. 

Agricultural system optimization is one of the significant factors for the recent economy to improve since 
countries are fully dependent on the factor that the today’s resource management in agriculture is the most 
complicated, such as the water resource; the agriculture uses approximately 65 per cent of the fresh water; 
hence, water management is the most critical part in the agriculture to accomplish; hence, to achieve this, there 
are certain areas in agriculture where it is dependent such as the crop section for the soil, and in this factor, a 
PH sensor is used to measure the acidity in the solution; an IoT gate way is used to connect the field devices 
with the wireless Internet networks which could be wide area network (WAN) or a remote controlled device; 
the device can be an integration of IoT with cloud computing and sensors, and other resource combined will be 
managed by the cloud computing along with raspberry pi sensor which is a module to which various sensors 
such as the temperature and humidity are interfaced and also other will be the provision for the GSM-based 
automatic irrigation system for the efficient use of resources and crop planning; and when it comes to the 
operation of the system initially, the user registration is compulsory for the verification, and then, the admin 
checks the data provided by the user and allows to control the system; raspberry pi kit takes the sensor values 
and sends to Google spread sheet attached to the raspberry pi kit, the Google spread sheets used for maintaining 
real-time information and a data related to crop saved on these sheets, and then with ANN algorithm, sensor 
values maintain on Google spread sheets, compare according to threshold values, and check which crop is 
suitable for soil; this process is distributed in modules, this proposed system is best suitable for the crop 
selection based on the soil quality, and unwanted water wastage things are completely eliminated [J]. 

Cloud computing, or in its functional sense, online information distribution is the general name given to 
services that provide common information sharing between computing devices. In this respect, cloud comput- 
ing is not a product, but a service. It is the sharing of software and information from the underlying source, 
and the use of existing information services over the information network (typically from the Internet) from 
computers and other devices in a similar way to electricity distributors. Zhao proposed a system that allows 
farmers to remotely monitor the data of the environment and plants obtained from greenhouses by sending 
them to mobile devices via the internet via sensors [8]. Duan discussed on the characteristic agricultural data 
which agricultural information management system can be used for agricultural production processes [9]. In 
the study, information about the smart agricultural management information system was given to make sen- 
sitive management decisions on issues such as crop cultivation, fertilization and input costs. Ying and Hao 
used IOT technology with the help of cloud computing method and proposed a smart cloud computing method 
to process data from different IOT devices [[0J. They reported that the obtained data can be stored in cloud 
data centers and these data can be processed using smart large servers to solve the necessary problems. Qirui 
proposed an agricultural information service model based on agricultural expert systems in order to provide 
accurate and efficient agricultural information services to users through web browsers [LI]. Hori et al. gave 
information about the cloud system established by Fujitsu ltd for the agricultural sector and designed a cloud 
model for agricultural applications. In addition, they explained how the products should be priced and sold 
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for the farmers using the developed model. Researchers have used prototype web and mobile phone appli- 
cations for production-sales planning, operational planning management, information support and cultivated 
land data management functions [[2]. The researchers reported that the PDCA (Plan-Do-Check-Act) cycle 
used in agricultural applications will make significant contributions to the development of cloud services. 

One of the factors that spoils the standard of agricultural production is that the soil structure varies from 
region to region. Apart from region to region variability, no land has a homogeneous structure in itself. When 
a production area is examined carefully, it can be easily observed that the plants develop very well in places, 
they are weak in places, even drying and deaths occur in places. So, what is it that creates these differences 
within the same land? Of course, the reason for these differences is the physical, chemical and biological 
structure of the soil that can change in every decare, even every square meter. In fact, this variability lies in 
the emergence of many elements of smart agriculture. Smart agriculture is a technique that enables soil and 
product management to increase agricultural productivity, and minimize the damage to the environment by 
using resources more economically. In this context, it is aimed to give up classical production and to implement 
an application method that handles the land with an in-homogeneous and variable approach. The main factor 
aimed here is to use the inputs applied in agricultural production where they are needed, when and in quantity. 
Smart agriculture is a modern agricultural production technology that is based on the intervention to be made 
to the needs that differ spatially and temporally in the area where the crop is cultivated in an agricultural 
enterprise, taking these location and time criteria into consideration. Intelligent agriculture aims to prevent 
waste of resources, increase the gross yield of the product and minimize the environmental pollution caused 
by production with the use of improved information and control systems. Intelligent agriculture techniques can 
be used in almost every period of crop production from tillage to harvest. Among the goals of smart agriculture 
is to reduce chemical costs such as fertilizer and medicine; protecting the environment by reducing these uses; 
providing high quantity and quality products; Ensuring a more efficient flow of information for business and 
breeding decisions and establishing a record order in agriculture. It is aimed to maximize productivity with 
the Internet of Things in agriculture. As natural resources are used at the required level, the cost is reduced. 
Similarly, with the smart systems on the farm, all factors required for production are analyzed and presented 
to the producer simultaneously. In this way, resource wastage is prevented and quality products are produced. 
In addition, rapid decision-making mechanisms are created with machines that communicate with each other 
and work synchronously. Producers are given the opportunity to manage and monitor the entire farm from a 
tablet or phone, and by reducing the work force, and also more productivity, quality and natural production 
opportunities are created. 

Applications of IoT in agriculture science decrease the human time, scales down the human efforts, and 
provide the easiness and effectiveness for the mechanism. Suppose that we apply in the irrigation area, we put 
the humidity sensors and the threshold sensors send the information to your mobile phone and then connect to 
the IoT when the humidity range increases, then you can turn off the water meter. There are many categories 
of industries that use these technologies for improved performance, such as automobiles, communications, 
food, medical, marine, defense and the most important agricultural industries. The use of these technologies 
contributes to food safety, environmental sustainability, good agricultural practices (GAP), computer artificial 
intelligence, decision-making, GPS and increased agricultural efficiency, as well as to crop protection and 
integrated management of pests and where possible crop management of pests and diseases. The application 
equipment can be chosen depending on these variables and the application equipment meets microbial pro- 
tection so that the agriculture equipment will be selected. In addition, new innovations are being launched 
day by day and their implementations have also steadily expanded. The area of agriculture has tremendous 
potential for emerging technology such as artificial intelligence (AI) and the Internet of Things (IoT) to be 
implemented. By integrating this, smart systems would be able to make choices based on prior experience 
and understanding. This operation is made simpler by smart and automated machines. The AI contains many 
problem-solving logics and approaches such as fuzzy logic, artificial neural networks (ANN), neuro-fuzzy 
logic, and expert systems, of which the ANN approach is more commonly used and prescribed. Recently, 
fuzzy logic has found many applications and efficient results in smart agriculture and IoT (13) [4] 15] [14 (17. 
We will use neutrosophic logic [18] in this study, which is a useful and practical extension of fuzzy logic. The 
topic of indeterminacy beyond the principles of fuzzy logic is often taken into account by neutrosophic logic. 


2 Neutrosophic Logic Fundamentals 
In classical set theory, an element either belongs to a set or not. The membership of elements in a set is 


interpreted in binary terms according to a divalent case. In fuzzy set theory, introduced by Zadeh [19], a 
gradual assessment of the membership of elements in a set is permitted by a membership function which takes 
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values in the real unit interval [0,1]. In fuzzy set theory, classical divalent sets are usually called crisp sets. 
Fuzzy set theory is a generalization of the classical set theory. IFS are sets a elements have degrees of 
membership and non-membership. IFS have been introduced by Atanassov [20] as an extension of the notion 
of fuzzy set, which itself extends the classical notion of a set. Ge ie set theory is a generalization of 
intuitionistic fuzzy set, crisp set, fuzzy set, para-consistent set, dialetheist set, paradoxist set, tautological set 
based on Neutrosophy [8]. An element x(T,, J, F’) belongs to the set in the following way: it is true in the set 
with a degree of ¢ € [0, 1], indeterminate with a degree of i € [0, 1], and it is false with a degree of f € [0, 1]. 
We will now give some definitions of the fundamental concepts related to our study. 


Definition 2.1. {19} Given a universal set U and a generic element, denoted by x, a fuzzy set X in U is a set 
of ordered pairs defined as 

X = {(x, ux(x))|x € U}, where px : U + [0,1] is called the membership function of A and ix (x) is 
the degree of membership of the element x in X. 


Definition 2.2. An intuitionistic fuzzy set X over a universe of discourse U is represented as 

X = {(x, x(x), vx(x))|v € U}, where ux : U + [0,1] and vy : U ++ [0,1] are called re- 
spectively the membership function of A and the non-membership function of A for x in X. The degree of 
non-membership of the element x in X is defined as zx (x) = 1 — vx (a). 


Definition 2.3. [18] [21] Let U be a universe of discourse. A neutrosophic set is defined as 
N = {(a,T (x), I(x), F(x)): « € U}, 
which is identified by a truth-membership function Ty : U +—+]0~ ,1*(, indeterminacy-membership function 
n:U+-3)07,17[ and falsity-membership function Fy : U —+]0~,1*{. 
Definition 2.4. (22) 23] Let U be a universe of discourse. A single valued neutrosophic set is defined as 
N = {(a2,T(ax), I(x), F(x)): x € U}, 


which is identified by a truth-membership function Ty : U ——+ [0,1], indeterminacy-membership function 
n : U+— (0, 1] and falsity-membership function F'y : U +> [0,1] with0 < Ty (a) + In (2) + F(a) < 3. 
A single-valued neutrosophic number (SVNN) is denoted by a = (T,1,F 


Definition 2.5. [18] ZI} Let A* = {(a#, T(x), I(x), F(x)) : « € A} and B* = {(y,T(y),1(y), Fly)) : 
y € B} be neutrosophic elements. NR = {((x,y),T(2,y),[ (x,y), F(a,y)): (a, y) € Ax Bhisa 
neutrosophic relation on A* and B*. 


2.1 Geometric Modeling on Neutrosophic Sets 


Geometric modeling has a wide range of applications. Although mathematical models are expressed with 
differential equations, nowadays, geometric modeling tools are used as modeling tools . One of them is 
Bezier curves. In neutrosophic sets one can apply this to visualize data from a given saree set. Neu- 
trosophic Bézier curves are generated based on the control points from one of TC = {(z, y, T (a, y))}, 1C = 
{(a,y,[(x,y))} and FC = {(x,y, F(x, y))} sets. Thus, there will be three different neutrosophic Bézier 
curve models for a neutrosophic relation and variables x and y. A neutrosophic control point relation can be 
defined as a set of n+ 1 points that shows a position and coordinate of a location and is used to described three 
curve which are denoted by NR,, ={NR,,, NRp,,...,.N Rp, } and can be written as 


{((z0, yo) 2 (x0, Yo) i (xo, Yo) PF (xo, yo)) ae ie ((n; Yn) ,T (In; Yn) yf (In, Yn) ie (Tn, Yn))} 


in order to control the shape of a curve from a neutrosophic data. 


Definition 2.6. A neutrosophic Bezier curve with degree n was defined by Tas and Topal : 


n 


NB(t)=5— ( : ) (1—t)" tN Ry,,t € [0, 1] 


i=0 
Definition 2.7. Neutrosophic Bézier surfaces are generated by the control points from one of sets 


TC = {(a,y,T (az, y)): 2 € A,y € BS 
IC = {(a,y,I(a,y)): 2 € A,y € B} 
FC = {(a,y, F(a,y)): 2 € A,y € B} 
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Thus, there will be three different Bézier surface models for a neutrosophic relation and variables x and y. A 
neutrosophic control point relation can be defined as a set of (n + 1)(m + 1) points that shows a position and 
coordinate of a location and is used to describe three surface which are denoted by 


NRp,, = LN Be ina NRp,; sey N RP um } 
and can be written as quadruples 


{((@i, Uj) sT (@i, 5) 1 (is ¥y), F (tis yy) 27 = 0,.-.,n, 7 = 0,...,m} 
in order to control the shape of a curve from a neutrosophic data. 


Definition 2.8. A neutrosophic Bézier surface with degree n x m is defined by 


NB(u, v) = Soe ( i ) (1 — u)" tu? ( : ) (1—v)™Ju'NR,,,, 


i=0 j=0 


Every set of TC’, IC and FC determines a Bézier surface. Thus, we obtain three Bézier surfaces. A neutro- 
sophic Bézier surface is defined by these three surfaces. So it is a set of surfaces as in its definition. 


3 An Application in IoT and Smart Agriculture 


In agriculture, topography study has an important place for the operation of the photosynthesis mechanism 
depending on the geographical location of the field and the climate type. The mechanism of photosynthesis 
is possible with the maintenance of factors such as sunlight, CO 2, H2O, heat, glucose, and O 2 in an optimal 
process. Along with these, the wavelength of light, humidity and soil properties play an important role in the 
production efficiency of the plant. Especially when focused on sensitive agriculture field, the details of the data 
and precise measurements require positioning and application for the analysis of big data and the interpretation 
of these data and values is a difficult process. In this sense, we give some applications that are neutrosophic 
useful and manageable tools in IoT and Smart Agriculture in this section. 


3.1 Neutrosophic Inference Engine Design in Smart Agriculture and IoT 


Here, we give neutrosophic methods for data gathering and evaluating in Neutrosophic Inference Engine De- 
sign (NIED). 


Remark 3.1. One needs to have the following three properties for a possible NIED. After the properties 
constructed, The next step will be built a NIED. 


1. Neutrosophication and De-neutrosophication 


While doing data analysis with fuzzy, fuzzification of crisp data and then defuzzification is required. 
Using neutrosophy for more precise analysis, measurement and evaluation of data should also provide 
what has been done for fuzzy. Recently, different types of neutrosophic numbers have been proposed 
for modeling different applications and fields of study. For example, linear pentagonal neutrosophic and 
its de-neutrosophication was introduced by [25]. The authors gave a spanning tree graph property and 
removal area method for its de-neutrosophication. With this graph analysis, pentagonal structures can be 
evaluated smoothly. Another example is trapezoidal neutrosophic number. Chakraborty et al. analysed 
various types of linear and non-linear generalized trapezoidal neutrosophic numbers and introduced its 
de-neutrosophication technique in the paper [26]. They used removal area and mean interval method 
for purpose of de-neutrosophication. However, in agriculture like study era, there are many factors 
and parameters to be taken account. So, it is easy to see that neutrosophic numbers having different 
dimensions will be demanded. Therefore, there is a serious need occurring for a general form of de- 
neutrosophication for n-gonal neutrosophic numbers. We state it as a challenging open problem. 


2. Data Clustering and Analysis 


Data classification (henceforth, clustering) is one of the most vital steps of data assessment and manip- 
ulation. Rashno et al [27] used neutrosophic sets to handle boundary and outlier points as challenging 
points of clustering methods. Li et al [28] introduced a novel suitable objective function, which is de- 
picted as a constrained minimization problem based on a single-valued neutrosophic set, is built, and the 
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Lagrange multiplier method is used to solve the objective function. They also gave experimental results 
of the study and obtained that neutrosophic data classifier has a promising tool for data clustering and 
image processing. Tas et al offered a very practical G-metric based method for data analysis of neu- 
trosophic big data although neutrosophic data type (neutrosophic big data) are in massive and detailed 
form when compared with other data types. Long et al proposed a new fuzzy clustering algorithm 
based on association matrix using the neutrosophic set. Basha et al and Kavitha et al (31) 32] B3]] gave 
neutrosophic based prediction system and classifier. 


3. Neutrosophic IF-THEN Rules 


Sunay et al [B4] used Neutrosophic logic using IF-THEN rules in the risk/safety assessment for the first 
time. The study focused on linear trapezoidal neutrosophic number. The study of Basha et al [31] B2I 
identified with ”IF-THEN” rules whose antecedents and consequences are composed of neutrosophic 
logic statements, instead of fuzzy logic ones. 


According to [BI], NIED includes three functions as the follow: 


¢ Neutrosophication: construction of the neutrosophic knowledge-base by converting crisp inputs using 
the neutrosophic three membership functions: truth-membership, falsity-membership, and indeterminacy- 
membership. 


¢ Inference Engine: The KB and neutrosophic “IF-THEN” rules are applied to get a neutrosophic output. 


¢ De-neutrosophication: Converts the neutrosophic output of the previous step back to a crisp value using 
three functions analogous to the ones used by the neutrosophication. 





Rules 
lf-Then 


Crips 
Inputs 


Crips 
Outputs 


Neutrosophication : : De-Neutrosophication 


Inference 
Engine 





Figure 1: A flowchart for NIED mechanism 


We now present our smart agriculture mechanism model integrated with the NIED system in order to 
monitor the functioning of the ecosystem after both irrigation and seeding in greenhouse or open field. The 
environment where we want the main process of cabinet to take place is controlled by the control unit. The 
control unit part is the part that has processors and has automation. Various sensors are available in the 
cabinet. These sensors make instant readings and transmit the data to the control unit. Since the system will 
work with electricity, it is particularly sensitive to electrical voltage fluctuations. If this happens, the system 
is bypassed. UPS is required to prevent this. This is provided by the voltage sensor. Sensors in the cabinet 
must work continuously. If one of them works abnormally, the system is bypassed. For this reason, it must 
be an air conditioner system. For example, if the humidity has decreased or the temperature has increased, 


Doi :10.528 1/zenodo.428 1345 110 


International Journal of Neutrosophic Science (IJNS) Vol. 12, No. 2, PP. 105-115, 2020 





the air conditioner system has to intervene. All of these should be related to the control unit and give all 
the information to it. If it fails, the bypass comes after the off mode and the system shuts down. In order 
to prevent this situation, the control unit should work in conjunction with the SOS system. When the data 
becomes abnormal, the control unit intervenes with commands to make the system regular. If the intervention 
is insufficient, SOS issues a command to the system. The SOS system sends alerts to Mobile Phone, PC etc 
systems via data network. Here, the security time is 30 minutes. When the control unit detects the error of the 
system, it activates the SOS system 30 minutes before it closes. NIED system takes place in the control unit 
and provide a communication decision process with SOS. 
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UPS Control Unit Oxygen Sensor 
ein ; 
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Engine) 


Cabinet 


Moisture Sensor 


Light Sensor 








Fire Sensor 
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Figure 2: Smart Agriculture Mechanism Model 


3.2. Visualization for Soil Surface and Topography 


Neutrosophic Bézier surfaces are divided into three distinct form: truth;indeterminancy;falsity Bézier surfaces. 
Here we introduce new concept of them: geometric mean neutrosophic Bézier surface: 

Control points are GM (x,y) = ¢/T (2, y).I(a, y).-F (2, y) in z-axis. So its vectorial form is G(x, y) = 
(x, y,GM (a, y)). This is an approximation to the neutrosophic data (see Fig.3). There are several methods 
to approximate values of data but this one is new in literature. Besides we give intersection curves of the 
truth-gm, indeterminacy-gm, falsity-gm in figure 4. The advantage of these Bézier curves / surfaces is that 
they can be written in matrix form. Thus, it can allow neutrosophic data to be matrix form and processed on a 
computer. 

Construction of Bézier surfaces in matrix form is done as follow: 
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1 0 0 O 1 

-3 3 0 O v 
Let M = Sd. a uP ) = ae VS 

3 -6 3 O vu 

-1 3 -3 1 v? 


where M,U,x,V are the basis matrix of the cubic Bézier surface, matrix of u direction, control points in 
x-axis and matrix of v direction, respectively. So conversion into polynomial version is matrix multiplication: 
U.M.a2.M*.V. This is done for the y and z axes, respectively. The only thing that changes in this multiplication 
is the expressions of the control points on the axes. 

Neutrosophic If-then rule can be adaptive for this type of visualization. The link between data and visual- 
ization is important for the end user. This type of information puts the user-oriented work forward in terms of 
sales. 

Indeed, in this type of study, if it is desired to visualize instantaneous warning boundaries for the user, then 
the problem of what form the surfaces should be visually arises for what conditions of neutrosophic data and 
this is definitely an open problem. 





Figure 3: Neutrosophic Bezier surfaces:Truth(blue),indeterminacy(red),falsity(green) and geometric mean sur- 
face(gray) 





Figure 4: Intersection curves of t-gm(blue),i-gm(red),f-gm(green) 


The smart mechanism in Figure 2 scans with the neutrosophic Bezier surface at certain time intervals for 
both seeding and irrigation of the soil. This scanning process can be included in the neutrosophic inference 
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engine. With this scanning process, in addition to controlling the soil humidity, temperature, oxygen and 
carbon dioxide levels, it is checked whether the objects carried to the region by external factors such as wind 
or animal-human cause damage in the area. With the gray value for Figure 3, it is determined whether there is 
any change in the soil and on the surface in the scanning study. 


4 Conclusion 


This study has shown that neutrosophy theory can be used in IoT and Smart Farming systems and at what stages 
it can help and integrate within the working mechanisms of the systems.Especially, the information coming 
to the cloud computing or data pool within the systems can make uncertain data process-able with the help of 
neutrosophic. You can also find structures, models, and researches that can be used to do this processing. On 
the other hand, two open problems are left that will affect future directions for researchers and neutrosophic- 
based IoT, Cloud Computing and Smart Agriculture. One of the problems is the de-neutrosophication method 
for n-gonal neutrosophic numbers and the other is the visualization of the neutrosophic data using the geomet- 
ric approach. 
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